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Abstract

In this article, demonstrated certain coincidence point and Common Fixed Point [CFP] findings under the rational
type weakly compatible neutroshophic-contraction conditions [WNC-C] in complete neutroshophic metric spaces [CNM-
spaces] utilizing the "triangular property of neutroshophic metric” with examples. Also provided neutroshophic non-linear
fuzzy differential equations[NFDES] as an application and demonstrated that the solution of the NFDEs has a unique CFP
of the integral operators B, C and g. This new path of weakly-compatible neutroshophic fuzzy-contraction [WNC-C] with
the use of NFDEs in NM-space will be crucial. With different sorts of WNC-C for self-mappings and different forms of
NFDEs in the context of NM-spaces, this approach may be expanded and developed in diverse directions.
Introduction

The Intuitionistic fuzzy metric space (IFM-space) set is introduced by Atanassov [1]. We followed L. Xiaand Y.H.
Tang [16] and [17] in establishing the FP theorem (also known as FPT) for IC-maps in FM-space. We then used this theorem
in IFM-space and demonstrated FP in a similar manner. Next, neutrosophic metric spaces (NM-space), which address
membership, non-membership, and naturalness functions, were presented by Kirisci and Simsek [7]. Some FPR in NM-
space was demonstrated by Simsek and Kirisci [8] and Sowndrarajan et al. [10]. The neutrosophic soft linear spaces, often
known as NSL-space, were defined by Bera and Mahapatra [2]. Neutropic soft normed linear spaces (NSNL-space), first
presented by Mahapatra and Bera [3], have been around for a time. Neutropic norm, Cauchy sequence in NSNL-space,
NSNL-space convexity, and metric in NSNL-space were all examined in [3]. Neutropic contractive mapping, or NC-
mapping for short, was described by Kirisci et al. [6] and FP results in whole NM-space were demonstrated. Some of the
following journals [4-5, 8-18] are very useful to following research work.
Preliminaries
Definition 2.1 [12]

An operation *: [ 0,1]% — [0,1] be a continuous t-norm, if
(i) * be continuous
(if) * is commutative and associative
(ii1) 1 * 3¢y = 34 and 3¢y * 3, < 35 * 2,, Whenever s, < x5 and s, < 2, Vitq, 2y, 15,34 €[ 0,1]

An operation @ : [0,1]? - [0,1] is called a continuous t-conorm, if
(i) @ be continuous
(i) @ is commutative and associative
(iii) 0 @3y = 34 and », P, < 13D, Whenever x; < x5 and x, < 3y, Viq, #y, 25,1, €[0,1]

The basic continuous t-conorms of maximum, product, and Lukasiewicz are defined by Schweizer and Sklar [30],
respectively, as follows
(i) The minimum t-conorm is »; * 3, = min {3, 2}
(ii) The product t-conorm is s, * », = x¥,
(iii) The Lukasiewicz t-normis »;@®x, = max {0,1 — 3, +3,}
(iv) The minimum t-conorm is ,®x, = max {3y, ,}
(V) The product t-conorm is »; @, = 3y, +3, — u1x,
(vi) The Lukasiewicz t-normis @, = min {3, +3,, 1}
Definition 2.2 [15]

A T-tuple ($H, M, N, R.,*,®,) be a NM-space if § is an arbitrary set, * be a continuous t-norm and @ be
continuous t-conorm and (M,, N, R,) is neutrosophic set on $? x (0, o) satisfies:
(Ri)M (p,v,t) =0
Ri)M (pv,t) =1 ¢@=vV
Riii) M (¢, v, t) = M (v, ,t)
(RivV) M (@, v,t +5) = M (¢, k,t) M (k,v,Ss)
(Rv) M (¢, v,—):(0,0) — [0,1] is continuous V¢, v,k € Hand t,s € (0, ).
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(Rvi) N (p,v,t) <1
Rvi)N, (pv,t) =0 @p=v
(Rviii) N (o, v,t) =N (v, 0,t)
RIX) N (p,v,t +5) <N, (o, k t)®N . (k,v,5)
(RX) N (¢, v, —): (0,0) = [0,1] is continuous V¢, v,k € Hand t,s € (0, ).
Rx) R (p,v,t) <1
Rxi)R (p,v,t) =0 ¢p=v
(Rxiii) R .(p,v,t) =R (v, 9, t)
(Rxiv) R (@, v, t +5) <R (9, k,t) OR(k,v,5)
(Rxv) R (¢, v,—):(0,0) - [0,1] is continuous Vo, v,k € Hand t, s € (0, ). 1
Lemma 2.3 [13]
Let N .(9,x,%), N (9, x,®) and N (£, x,©) is non-decreasing and non-increasing V ¢,v € $.
Definition 2.4 [14]
Let (9, M, Ny, R, %, @,0) be a neutrosophic space, ¢ € $ and (¢;) is a sequence in $. Then,
(i) () convergesto ¢ if k € (0,1)and t > 0.3 j; € Xsuchthat M, (¢;, ¢,t) >1—k, V) =j;, n.(¢;0,t) <kVj=j,
R, (¢, ¢,t) < k,Vj=j, We may write this }1_{?0 @ =@or g;—>@as j- o

(i) (¢;) is a Cauchy sequence[C-S] if k € (0,1) and ¢ > 0. such that j, € X,such that M, (¢; @it) <1-—

k,Nr((pj,(pi,t) < k,Rr((p]',(pi,t) < k,,Vj,i > jl
(iii) (9, M, N, R, *, ®,0) is complete if every C-S is convergent in $
(iv) N-C, if 3 a € (0,1) and satisfying

M. (9;, ¢j+1,t) = a (Mr((p]-_l,(p]-,t)) fort >0, j>1
Nr((p]-,<pj+1, t) <a (Nr((p]-_l,(pj,t)) fort>0,j=>1

R (¢ ¢js1.t) < a (Rr(<pj_1, (p]-,t)) fort>0,j>1 2

The set of natural numbers is consider this paper K.
Lemma 2.5 [17]

Let (9, M,, N, R.,*, ©,0) be a NM-space. A sequence ¢; in ¢ converges to ¢ € § if and only if M r(goj, Q, t) -
1, N (¢, 0,t) > 0,and R (¢}, ¢,t) - 0, as j > oo, for ¢ > 0.
Definition 2.6

Let ($, M, N, R.,*, ®,O) be a NM-space. The NM-space (M,, N, R,.) is triangular, if
M. (o,v,t) =M (9, k,t) + M (k,v,0)Vp,v,k € H,t > 0.
N (p,v,t) < N (9, kt) + N (k,v,0)Vp,v,k € H,t > 0.
R (o,v,t) <R (9, k,t) +R.(k,v,O)Vp,v,k € H,t > 0. 3
Definition 2.7 [18]

Let ($, M, N, R.,*, ®,O) be a NM-space. A mapping B: § — $ is said to be a N-C if 3 b € (0,1) such that
M, (B, By, t) = b(M,(p,v,D))V @, v E §,t> 0.
N.(B,, By, t) < b(N.(¢,v, D)V @,v € $,t > 0.
R.(B,,B,,t) <b(R.(¢,v,0))V ¢,V E H,t > 0. 4
Definition 2.8

Let Band g be two self-mappings on a nonempty set $ (i.e.,B,g: $ — 9). If there exists w € Hand w = Bu =
gu forsome u € $. Then, u is called a coincidence point of B and ¢, and w is called a point of coincidence of the mappings
B and g. The mappings B and g are said to be weakly-compatible if they commute at their coincidence point,i.e., Bu =
gu for some u € $, then Bgu = gu.
Proposition 2.9

Let B and g be weakly-compatible self-mappings on a nonempty set $. If B and g have a unique point of
coincidence such that w = Bu = gu, then, u is known as the unique common NFP of B and {g.
Main Result

Throughout main results, we use the concept of a binary operation = is a continuous product t-norm and @ is a
continuous product t-conorm which is defined as:
pxv= - -vforal ¢,velo01]
p®v=9p+v—g@- -vforal ¢,velo01] 5
Theorem 3.1

Let a NM-space(M,, N, R,) is triangular in a CNM-space($, M., N, R.,*, @,0) and letB, C,g: $ — $ be three
self-mappings, satisfies, for all ¢,v € §,
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( \
[ . 1 PR
(; 46 ( r(gq; G, t) ) +f M r(gv.Bp,2t) M r(g¢,Cy,2t) 1 ¥
M r(By,Cy.t) M r(gp.gv.t) f
1 1
L +g (Mr(g’lP'B<P't) -+ M r(gv.,Cy,t) B 1)
N r(g’v.B ,Zt).N r(g ,CV,Zt)
e (N r(g‘fp' Py t)) + f < Lipr(g¢,gv,t)¢ )

N.(B,, Cy,t) < ,

+9 (N:(29, By t) + N1(gy, C,0)

R 1(gv,By,2t).R (g¢,Cy,2t)

Ro(ByCot) <1 (Rgora0) +1( ur(gp.gvs) ) , 6

+9 (Re(29 By t) + R1(gy, D)
For t>0and0<e,f,g<lwith(e+f+2g) <1.If B(H)UC(H) c g(9), where g(H) is a complete subspace of
$. Then B, C and ghave a unique point of coincidence. Moreover, if the pairs (B,g¢) and (C, ¢) are weakly compatible.
Then, B, C and g have a unique CFP in $.

Proof

Let ¢, be the arbitrary point of . Using the condition A($) U B(9) < ¢(9) choose a sequence (¢;) in $ such
that
G@2i+1 = By and g@yip = Cyiyq,foralli > 0. 7

Now, by (6), for t > 0,
1 1

—-1=
M (¢®2i41, FP2i+2,t) l'(A(pZUB(p21+1!t)

| Mr(gw2igWoiy1t)

1
r(gwai,9Wais1t) l

> 1
+b M r(gwyi41,BW4i2t )M r(gwy;,Cwoiy 1, 2t) |
k+C(Mr(g'W2uBW2ut) + Mr(g'W21+1:CW21+1rt)))

r (i -1)
r(g’WZirg'WzHlit)
1
={ +b -
M, (gW3i11, GWais1, 28). M (gW3i, gW3i42, 2L)
Mr(g'WZilg’WZi+1tt)
+ ( ! 1+ ! 1)
c _ _
M (gW2i, W41, 1) M (gW2i41, GW2is2,t)

a - 1)
<M r(fWZil €W2i+1J t )
+b . 1
=< —_
M, (twy;, tWp; 45, 2)
M (Ewy;, W1, )M (Ewyy, (Wi p, 28)
1 1
+c( -1+ - 1)
M, (Ewy;, Wy, t) M (Ewyip1, Woi45, 1)
N (@P2i+1,9P2i+2,t) = N (A@y;, BPsiyy,t)
( a(Nr(g’Wzi; g)W2i+1't)) )
> { +b <N r(@Wait1, Bwyy, 2t). N (gwy;, Cwyyy g, 2t )) ¥
N, (gWazi, gWai41,t)
k +c(N (gwyi, Bwy;, t) + N (gWaipq, CWyipq,t)) )
a(N r(g)Wzi.ngziH,t)) )
_ { +b <N r(GW2i11, GWais1, 28 ). N (gW3i, gWy 40, 2t )) ¥
N (gWzi, gWyi11,t)

k +c(N (gW2i, gW2iv1, t) + N (GW2i11, GW2i42, 1))
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a(N r(fwzi'fwziu't))
_ Nr([W2i1€W2i+2:2t)
+b (N r(Ewy i, twpiy1,t)N r(fWZi,(’WZH_Z,Zt))
Fe(N (Ew, Wpi1,t) + N (EWpiq, IWpi40, 1))
R (802141, 8P2i42,t) = R (A@3;, Bosiy,t)

a(R r(GW2i, gWoi4q, t ))
>{1p <R r(GWais1, Bwy;, 2t). R 1 (gWy;, CWyiy4, 2t ))
R (gwyi, W41, t)

l +c(R (gwy, Bwyi, t) + R (gWyi41, CWoi1q, 1)) J
|{ a(R r(g’WZivg'WzHlit)) \l
_ { +b (R r(GW2is1, GW2i41, 28). R L (gWo;, gWyi 0, 2t )) }
R (gw, gwyis1,t)
k +c(R(gW2i, gW2is1,t) + R(GWaih1, W42, 1)) J
a(R r(fwziv€W2i+1vt))
— + ( R r(twaifwyiy,2t) )

Rr(tw2itwi 1,0 )R r (Wi tW3j42,21)

+c(R (bW, Iwyipq,t) + R (EWpipg, Iwyipp, 1))
From, Definition 2.2 (iv, ix, Xiv),

M (Ewy, WWaig2,28) = M (Ewyy, IWgipq,t) % M (wyiyq, Iwgiyp, t) for >0
1
[ a (Mr(fwzi,lwzﬂ,l,t) - 1 ) ]

! —12{ +b L 1 }
1

M (PWqip1,IWaiga,t) Mr(ewpilWyiy g )M r(fWpipq Wpiypt)

M r(waplwyiyt)

i

1 1 |
to(c—— 1 ——— 1)

k M (fwylwait,t) M (fWai+1,IW2i42,t) )

1 1
A1)+ b (1)
M (fwaplwyiya,t) M (W41, IW2i42,t)

1 1
-1 -1
te (M r(wailwaitq,t) + M r(fwzit1,lWais2,t) )
1 1
= ——1 b _——1
(a+c) (M r(wailwaitg,t) ) +(b+c) (M r(Ewaig1,lwaiy2,t) )
N (Bwyi, Wziy2, 2t) < N (Fwyy, Wiy 1, ) N (Ewyipq, Iwyiyp, t) for £>0

a(Nr(‘£W2i' lW2i+1lt)) l

N r(Ewaplwaiy1,t)-Nr(EWait1,lWaita,t)
N (fWyipq, Iwgigp,t) < { +b (

Nr(fwyilwaisq,t)

k"'C(N r (W Wai1, ) + N (Ewyig, Iy, t )))
_ {a(N r(fWZi:lW2i+1:t)) + b(N r(EWit1, lW2i+2't))}
+C(N r(EWy, IWyipq,t) + N (EWyipq, lW2i+2:t))
=(a+ C)(Nr({}Wzi:lWZiH:t)) + (b + C)(N r(EWaipq, lW2i+2:t))
R (fwy, W42, 2t) < R(Ewyy, IWgi44,t) O R (Fwyiqq, Iwgiyp, t) for t>0
a(R r(Ewy;, lW2i+1:t))

Rr(fwailwait1,t)-Rr(EWaipq,Iwpisa t)
: : < +b (
R (EWyit1, IWai45,t) < R (W iWare s t)

+C(R r(EWi, WWoi41,t) + R (EWyipq, IWpi4p, t ))
_ {a(R r(Ewyy, Iwgigg, t )) + b(R r(EWaig1, IWgiyo, t ))}
+C(R r(EWai, W1, 1) + R (EWpipg, IWpiyp, t ))

=(a+ C)(R r(Ewyi, lW2i+1;t)) + (b + C)(R r(EWaip1, Wpio, t )) 3.9
After simplification, we obtain

M (EWaig1, IWgi40,t) = Y(M r(Ewa, Iwgigq, t )),for t>0,
N (EWaipq, Iwziga, t) < Y(N r(wyi, wgigq, t )),fOT t>0,

R (8wyipq, Iwzigp, t) < Y(R r(wy;, lW2i+1:t)):f07" t>0, 10
wherey = 225 < 1.
(1-b-c)

Similarly, from (6), for ¢t > 0,
M, (EWzi12, IWpiy3,t) = Mp(AwyiypBlwyiyq, t)
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1
a -1)
M (EWaiya, Wi, t)
M r(EWaip1, AWpi422,t). M ({)W21+2‘BW21+1’t)
M, (EWzj 42, W41, 1)

—_

1
—1+ =
M (€W21+2:AW21+2't) M (£W21+1'BW21+1‘t)
M, (fwyi4z, IWpiyq, t) _

1) +b 1+
_ I M (€W21+2:IW21+1:t) M, (EWz; 42, IW5i43, 1) 1

1

1 1
M r(EWig2, IWpi43,1) - M (€W21+1,IW21+2,t) ) J
Ne(EWaisa, Wyiys,t) =N (AW21+zBlW21+1,t)
( a(Nr(£W2i+2le2i+1:t))
+b (Nr(£W2i+1ﬂAW2i+22' ). N (fwyi 4, Bwyiyy, t ))
Ne(EWait2, Wi, t)

+C(Nr(€W2i+21AW2i+2:t) + Nr(€W2i+1:BW2i+1xt))
a(Nr(’EWZHZr lW2i+1:t))
N (EWai1, IWoi432,€). Ne(EWa40, IWpiy o, 28)
=<{+b
N (EWyis2, IWpi4q,t)

+C(Nr(’EW2i+21 Wyiy3,t) + Np(fWpjpq, IWyiy, t ))
Nr(fWait2.Wzit1.t)
_ {a(Nr({)WZHZ’ lW2i+1,t)) +b (w)}

Nr(fwai42,1Wz2i43.t)
C(Nr({}Wsz’ Wyiys, t) + Ne(BWyipq, IWgigp, t ))
Re(fWyi42, IWsi43,t) = Rp(AwyiypBlwyiy g, t)
a(Re(EWi42) W41, 1))
+b (Rr(’EWZHD AwWyi152,8). R ($Wyiyz, BWyiyq, t ))
Re(fwyiya, IWyiypq, t)

IA

+C(Re(FWais2) AWgii2, ) + Re(EWpiq, BW2i41, 1))
a(Rr(€W2i+2' lW2i+1't))

b <Rr(fW2i+1; Wi432,8). Re(fwyiyg, IWgyo, 2t )) [

Re(wyiya, Wgiqq,t)

\ +C(Rr(€W2i+21 Wz, t) + Re(Ewyipq, lW2i+2:t))
Mr(fWait2,lWait1,t)
_ { a(Rr({)WZHZ: lW2i+1,t)) +b (M) }

My (EW3iq2,lW2i43,t)
+(Re(EWaisg, IWai43,8) + Re(EWaipq, Wyiss, t))
From, Definition 2.2 (iv, ix, Xxiv),

11

1 1 1
P it G DY S T
Mr(¢wziq1,lWai43,2t) r(€W2L+1 Wait,t) Mr(fW3i42,1Wai43,t)

1 ) ( 1
I S Mr(f’W21+1 Waoiypt) Mr("wzwz Woits t)

(fW21+z waiys, 6

1
| (Mr(f’wzwz Wait1, t)

1
l (Mr(f’szz Waiy1,t) 1 \L
|
1))

-14+—
k (Mr(fwzuz Waita,t) Mr(fW21+1 waiya, 5

ey at) R Cx ey et
= Mr(fWiq2,Wait1, 0 Mr(fwi42,lWai43,t)
+e(Mp(BWgiyg, Waigs, t) + M (EWypy, Wy, 1))

1 1
- (a + C) (Mr(fW2i+1'lW2i+z't) -1 ) + (b + C) (Mr(fwzi+2'lwzi+3.t) -1 )
Ne(EWais1, WWyits, 2t) < Np(BWyipq, IWoig2, ) N (EWyiyg, IWyys, t) for t> 0
a(Nr([W2i+2; lW2i+1:t)) 1
N (EWoip1, IWoi42, £). Ne(EWpi 40, IWpiy3, 1)
N.(Wyiro, W12, t) << +b +
r( Woit2, (W43 ) { ( Nr(fWZHZ,lWZHl,t)

k C(Nr(€W2i+2;lW2i+3;t) + Nr(€W2i+1,lW2i+2,t)) )
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_ {a(Nr@Wsz' Wy, t )) + b(Nr(€W2i+2: lW2i+3,t))}
+C(Nr(1?W2i+2v Wpiy3,t) + Np(BWpipq, Wi, t ))

=(a+ C)(Nr(‘gw2i+1v Wy, t )) + b+ C)(Nr(€W2i+2: lW2i+3,t))
Re(fwyig1, Wgi43,2t) < Re(fwyiy, IWgip2,t) O Ri(Bwyiya, Iwyiys, t) fort > 0

|( a(Rr(‘EWZHZ' lW2i+1't)) \l
Ry (8Wpip1, W34, ). Re (€W, IWpy3, t )) + }

Re(EWyi1p, IWgips,t) < { +b ( R, (EWoreg, (Warns, 0)
k C(Rr(‘EWZHZ' wyiss,t) + Re(Ewyigy, lW2i+2,t))
_ {a(Rr(£W2i+2' Wy, t )) + b(Rr(‘EWZHZ' Iwyits, t ))}
+C(Rr(fW2i+2' Wyiy3,t) + Re(EWpipq, IWyigp, t ))

= (@ + (R (Ewais1, Wpis2, 1)) + (b + (R (Ewaiyz, [Wgii3, 1)) 12
After simplification, we obtain,

1 1
- - 1< —
Mr(tWait2,Wait3.t) L=y (Mr(€W2i+1er2i+2rt) L )fOT t>0,

Ne (W12, Iwyiys, t) < Y(Nr(’EWZHIJ lW2i+21t)) fort>0,
Ry (EWaisz, Wpii3, 1) < V(R (EWpipq, IWyiip,t)) for t >0, 13
Where Y value is same as in (10). From (10), (13), and by induction.

1 1 1
-1 SY( —1)3 YZ( —1)
M, (W42, W43, t) M (EWai 41, Wi42,t) M (Ewai, IWiyq,t)
< e < VPR (M($wp, lwy, t)) > Las i — o

N (EWaigz, IWsiys, t) < Y(Nr(fWZiﬂ; Wyii2,t)) S YN (bwyy, IWyiiq,t))

< o < YER2(N(Pwg, wy, t)) > 0 as i — o
Ri(fwWyiya, Iwgiys,t) < _Y(Rr({)w2i+1' Wyis2, 1)) S YZ(Re(Bwy, gy, 1))

< - < Y2R2(R.(Pwp, lwy,t)) - O as i — . 14
Hence, (Iw;);s0 is @ NC-sequence in($, M., N, R..,*, ®,), therefore,
lim Mr(lwl-, (lwi_l,t)) =1fort>0,

i—o0
lim Nr(lwl-, (lw;_4, t)) =0fort>0.
i—o0
lim R, (Iw;, (Iw;_1,t)) = 0 for t > 0 15

Silnce (M,., N, R,) is triangular, j > i > i,
(Mr(lwi' (lWi+1l t))) + (Mr(lwi+1' (lWi+21 t)))
MT (lWi, (lW], t)) <
+ + (MT (lwi—l' (lW], t)))
S (P HYH e+ YY) (M (Ww,, Iwg, 1))
< (%) (M,.(Ilw,, lwy,t)) - 0,as i > oo,
(Nr(lwi' (lWi+1l t))) + (Nr(lwi+1' (lWi+21 t)))
+ -+ (Nr (lwi—l' (lW], t)))
Yi (Mr(lwi' (lwi+1' t))) + Yi+1(Nr(lWi+1l (lwi+2t t)))
< .
+ -+ YJ_]' (Nr (lWi_l, (lW], t)))
S (VP HYH 4+ YD) (N (Iwg, lwy, 1)
< (%) (N, (lw,, lwy, t)) = 0,as i = oo.
(R‘r(lwi' (lwi+1' t))) + (Rr(lwi+11 (lwi+2' t)))
Rl (o 0) S U4 (R (1w, (1))
r -1 Jj’
Yi(Rr(lWi' (lwi+1l t))) + Yi+1(Rr(lWi+1l (lwi+2! t)))
+ -+ Yj_l (Rr (lWi_l, (lW], t)))
S (VY 4+ YT LR (wg, bwy, 1))
< (%) (R,-(lwy, lwy,t)) = 0,as i = . 16
This shows that (Iw;) is a C-S, and [(w) is a complete subspace of W. Hence, 3u,v € W such that fwi — u =

fvasi — om,i.e.,
lim M, (u,lw;, t) = M, (u,lv,t) =1 fort > 0,
[—o0

N, (lwi, (w;, t)) <

<
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lim N, (u, lw;, t) = N, (u,lv,t) =0 fort >0,

1—00

ngg R, (u,lw;,t) = R.(u,lv,t) =0 fort > 0. 17

Since (M, N, R,) is triangular,

M, (lv,Av, t) < (M,-(lv, Iwy; 45, £))+(M,-(IWy;44, AV, t)) for t > 0,

N, (lv, Av, t) < (N,(lv, Iwy; 45, £))+(N,.(IWy; 45, A, t)) for t > 0,

R,.(lv, Av,t) < (R, (v, Iwy; 45, t))+ (R, (Iwy; 45, AV, t)) fort > 0. 18
Now get (6), (15), (17), and from, Definition 2.2 (iv, ix, xiv), fort > 0,

1
1= - 1)
Mr(lW2i+2:Av' t) MT(AU' BW2i+1vt)

1
@ (o~ 1) )
( My (£v,lwajqq,t)
< 4 +b (Mr(ew2i+1,zv,t).Mr(ev,Au,t).Mr(ev,szi,,z,Zt) _ 1) E
| |

M (v,lwaiqq,t)

1 1
- 14— 1 )
+c (Mr(fv,Av,t) + Mr(#Wait1,lWait2,t)
1 .
~ G+ (Gmas=1) etz

Ny (Iwzi 42, Av, t) = (N-(Av, Bwyi44, 1))
L[ o

Nr(fv,lwyipq,t)
+C(Nr({’v,Av, t) + N.(fwyipq, BWyipq,t ))
( a (N.(#v, lwyi 14, 1)) )

Ny (W54 1,0,8).Nr(£0,Av,t ) N (£v,lwyj45,2t)
< { +b( ritWoitq r r 2i+2 )
Nr(fv,lwaiyqt)

k+c(Nr({’v, Av,t) + N (fwyiyq, Iwpigs, t ))J
- (b+ c)(Nr({’v,Av,t)) asi— o
Ry (Wi, Av, t) = (R (AV, BWyi41, 1))

a (R (£v, lwyiyq,1))
<! +b (Rr(fwzi_,,l,lv,t ).Rr(#v,Av,t ). Rr(#v,lwq 42,2t ))
Rr(£0,lwpi41,t)

+c(Rr({’v, Av,t) + R.(FWyipq, Wy pq, t ))
- (b+ c)(Rr({’v,Av,t)) asi - . 19

Then,
lim sup(M, (#wy;42, Av, 1)) = (b + ¢)(M,(£v, Av,t)) for t > 0,
1—00

lim inf(M,(fwy45, Av,t)) < (b + ¢)(M(¢v,Av,t)) fort >0,

1—00

lim inf(Rr(i’WZHZ,Av,t )) <+ c)(Rr(t’v,Av,t)) fort >0, 20
[—0o

From (17), (18), and (20), we get

1 1
My (#v,Avt) -1z (b + C) (Mr({’v,Av,t) - 1) fOT' t>0,

N.(¢v,Av,t) < (b + c)(Nr(i’v,Av,t)) fort >0,

R.(fv,Av,t) < (b + ¢)(R.(£v, Av,t)) for t > 0. 21

Note that (b + ¢) < 1, where (a + b + 2¢) < 1, therefore,
1 1
YRy 1= MGt l1=1=>u =lv=Ay,fort >0.
N.(¢v,Av,t) = N (u,Av,t) = 0=>u =1v = Av, fort > 0.
R.(¥v,Av,t) = R.(u,Av,t) =0=>u =1lv=Av, fort > 0.

Next, prove that u = ¢v = Bwv. Since, (M,, N, R,.) is triangular.

1 1 1
My (w,Bvt) 1= Mo waipt) I+ My(wyis1,BU) 1 fort>0,
N, (lv, Bv,t) = N,.(lv, lw,;,1,t) + N,.(Iwyi44, Bv,t)  fort >0,
R.(lv,Bv,t) = R, (lv, Iwy;41,t) + R, (Iwy; 41, Bv,t)  fort > 0. 22

Now, again from (6), (15), (17), and from, Definition 2.2 (iv, ix, xiv), fort > 0,
(M, (w41, Bv, 1)) = (M, (Awy;, By, 1))
My (#v,lwyi414,2t ). M (Iw,,lv,t ). M (lv,Bu,t)
< a (Mr(lwzl-, v, t )) +b ( M Qs 10.0) )
+C(Mr(lW2i, IWyi41,t) + M.(Yv, By, t ))
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(Nr(lW2i+1' Bv, t)) = (NT(AWZivBU: t))

e (Nr(lwzi, lv,t)) + b<

N, (fv, Aw,;, 2t). N (lw,;, Bv, 2t)
N, (lwy;, v, t) )
+c(Nr(lw2i,AW2i, t) + N.(¥v, By, t ))
5 {a (Nr(lWZi. lU,t )) +b (Nr({’v,lwzHl,Zt ).Nr(Iw,;,w,t).Np(lv,Bvt ))}

Npr(lwyg,lv,t)
+c(N (Iwyy, Iwyiyq,t) + N.(£v, By, t))
(Ry (w2141, Bu, 1)) = (R,-(Awy;, Bv, 1))
{a (Mr(lwzi, ll7, t )) +b (Mr(fv,lwzi.,,l,Zt).Mr(lwzi,lv,t )M (lv,Bvt ))}

My (Iwylvt)
+C(Mr(lW2i, IWyi41,t) + M.(Yv, By, t ))

<

23

Then,
limsup(M,(¢w,41, Bv,t)) < (b + ) (M (¢v, Av, 1)),

i—»o0

limsup(N, (w41, Bv,t)) < (b + ¢)(N.(fv, Av,t)) and
[—o0
limsup(Rr({’WziH, Bv,t)) <+ c)(Rr({’v,Av,t)) fort>0. 24

=00

From (17), (22), and (24), we get
M,(#v,Bv,t) < (b + c)(Mr({’v, Bv,t)) ,
N.(¢v,Bv,t) < (b + ¢)(N.(¢v, Bv,t)) , and
R.(Yv,Bv,t) < (b + c)(Rr({’v, Bv,t)) fort>0. 25
Note that (b + ¢) < 1,where (a + b + 2¢) < 1, therefore,
M, (Yv,Bv,t) =M, (u,Bv,t) =1=>u=1Ilv =Avfort > 0.
N. (¥v,Bv,t) =N, (u,Bv,t)=0=>u=1Iv=Avfort >0 and
R, (Yv,Bv,t) =R, (u,Bv,t) =0=>u=1lv =Avfort > 0.
Hence, u is a CCP of the mappings ¢, 4 and B in W such that u = v = Av = Bv.
Next, we prove the uniqueness of a coincidence point in ($, M,, N;,, R.,*, ®,) for the mappings ¢, A and B.
Let u™ be the other common coincidence point in Wsuch that u* = lv* = Av* = Bv* for some v* € W Then,
from (6) and from, Definition 2.2 (iv, ix, xiv), fort > 0,

(m‘1)=(m‘l)=(m‘l)

1 1
a (Mr(u*,u,Zt) - 1) +b <Mr(u,u*,t).Mr(u,u*,2t) - 1)

My (uu*,t)

e (Mr(u.u,t) -+ m - 1)
< (a+b) (; 1)

My(u,u*,t)

(Nr(u,u*’ t)) = (Nr(lv’ lv*, t)) — (Nr(AU’ Bv*’ t))
< {a (Nr(lv, lv*,t)) +b (Nr(lv*.Av,Zt).Nr(lv_Bv*‘Zt))}

Ny (v, lv*t)
+c(Nr(lv, Av,t) + N.(lv*, Bv*,t ))

a(N.(u",u,2t)) + b (W)]

My-(u,u*,t)
+C(Nr (u,u,t) + N (u*, u", t))
<(a+ b)(Nr(u,u*, t))
(Rr(u,u*,t)) = (Rr(lv, v*, t)) = (RT(A‘U,B‘U*, t))
{a (Rr(lv, "t )) +b (Rr(lv*,Av,zt).Rr(lv,Bv*,zt ))}

< M (v, lv*,t)
+C(Rr(lv, Av,t) + R.(lv*, Bv™,t ))

B {a(Rr(u*’u, 26)) + b (W)}

My (u,u*,t)
+c(Rr (u,u,t) + R, (u*, u*, t))
<(a+ b)(Rr(u,u*, t)) 27
Note that (a + b) < 1, where (@ + b + 2¢) < 1. Thus, we get that M,(u,u*,t) =1, N.(u,u*,t) =
0,R,(u,u*,t) = 0thatis, u = u*. By using the weak compatibility of the pair (4, ¢), (B, ¥) and by using Preposition 2.9.
We can get a unique CFP of the mappings 4, B, and ¢. Let 3 z € Wsuch that, #z = Az = Bz = z. Hence, we get that
M, (v,z,t) =1>v=2N,(v,z,t) = 0= v =z
R.(v,z,t) =0=>v=2zfort>0.
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Corollary 3.2.
Let a NS-sp (M,, N, R,) is triangular in a CNM-spaces ($, M, N, R.,*, ®,) and let 4, B, — W be three self-
mappings, satisfies forall w,x € W,

1 1 1
My(Aw,bx,t) l=<a (Mr(lw,lx,t) B 1) +b (MT(lx'AW'Zt)'MT(lW'Bx'Zt) - 1)'

My(Iw,lx,t)
Ny(lx,Aw,2t).Ny(lw,Bx,2t
r( )-No-( )) and

Ny(lw,lx,t)

R.(Aw,bx,t) < a(R.(lw,lx,t)) + b (Rr(lx'A:f(;‘);;fgv'Bx'zt)). 27

fort>0and 0 <a,b<1with (a +b) <1. If AW)UB(W) c £(W), where £(W) is a complete subspace of W.
Then, 4, B, and ¢ have a unique point of coincidence. Moreover, if the pairs (4, ¢) and (B, ) are weakly compatible. Then,
A, B, and £ have a unique CFP in W.

If we use identity map instead of £,i.e.,# = I,in Theorem 3.1, we can get the following corollary:
Corollary 3.3.

Let a NM-spaces, (M., N, R,) is triangular in a CNM-space ($, M, N., R.,*, ®,O) and let A, B: W — W be two
self-mappings, satisfies for all w,x € W/,

N, (Aw, bx, t) < a(N, (I, 1x, ) + b

1 _ My (w,x,t) _ )
1 _ a (Mr(w,x,t) 1 ) + (Mr(x,Aw,Zt).Mr(w,Bx,Zt) 1
My (Aw,bx,t) - ( 1 _ 1 _
+ My (w,Aw,t) My (x,Bx,t) 1 )

Ny (x,Aw,2t ).N(w,Bx,2t)
+c(N(w, Aw, t) + Ny(x, Bx, 1))

a(Ry(w,x,t))+b ( Re(wxt) )}

N.(w,x,t)) +b Newaxt)
N,(Aw, bx, t) < @ (N, 3,1)) ( )}

Ry (x,Aw,2t).Rr(W,Bx,2t)
+c(R.(w, Aw, t) + R.(x, Bx, 1))
fort>0,0<a,b,c <1with (a+ b+ 2c) < 1. Then, the mappings A and B have a unique CFP in W.
Example 3.4.

Let $ = [0, 1], = is a product continuous t-norm and @ is a product continuous t-conorm on $ = [0, 1] which is
definedas &+« ¢ = &0, éx{ = &+ {—&Cforall £, € Hand a NM-space M,, N, R, : $? x (0,0) — [0, 1] is defined
by
M, (w,x,t) = T N,.(w,x,t) = le_xl,VW,x € H,and t > 0. 29
Then, it is easy to prove that M., N, R, is triangular and ($, M., N, R..,*, ®,) is a CNM-space. The mappings 4, B, :
$H — $ be defined as
Aw=Bw=—"andiw =2 vw € H. 30

3w+9 3
Then, from (29), we get
1

R.(Aw, bx,t) < { 28

lw—x|

1 1 A Bx| 1 | 4w 4x
M.(Aw,bx,t) e T P T 3w+ 9 3x+9
36w—-36x 36w—36x 2 |lw—-Ix 2 1
- (3w+9)(3x+9)| = | 81 - §| ¢t |- E(Mr(lw,zx,t) - 1) for¢ > 0.
1 1| 4w 4x
Ne(Aw, bx,t) = 214w = Bx| = ¢ |20 5 = 3% 9
36w—-36x 36w—36x 2 |lw—Ix 2
= (3W+91)(3x+9)| < | 811 4— §| - 4— E(Nr(lw, Ix, t))for t>0.
w X
RrCAw,bx, 0) = TlAw = Bx| = ¢ |32 5 = 5% 9
36w—-36x 36w—36x 2 |lw—Ix 2
- (3w+9)(3x+9)| = | 81 - §| e 1 E(Rr(lw’ Ix, t)) fort > 0. 31

Hence, the self-mappings 4, B, and ¢ are satisfied the WNCC in NM-spaces. Next, we simplify the second term of
(6), then, from, Definition 2.2 (iv, ix, xiv), and from (29), for t > 0, we have
1 1

1 1

M, (lx, Aw, 2t). M,.(lw, Bx, 2t ) —l= M, (lx,lw,t). M,.(lw, Aw, t ). M,.(Iw, Ix, t). M,.(lx, Bx, t) -

M, (lw, Ix,t) M, (lw, Ix,t)
1
= -1
M, (lx,lw,t). M,.(lw, Aw, t ). M,.(Ix, Bx, t)

t3

>

T+ [w = IxD. (t + |lw — Aw]). (t + |lx — Bx]|)
t3

Tt + 12w/3 = 2x/3]). (¢t + |12w/3 — 4w /3w + 9]). (¢ + |2x/3 — 4w /3w + 9])
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t3
- ((¢ +12w/3 = 2x/3]). (¢ + [2(w? + w) /3w + 9]). (¢ + [2(x% + x) /3x + 9]))
+3
(t + |2?W - Z?xl) (24 2t((W2+w)/3w+9)
+(x2+5-+9)
+(4WwW?+w). (x2+x)/Bw+9).3x +9)
= > e
((t + m) (%2 4+ (2t/81)(Bw2x + 3wx? +9(w? + x2) + 6wx>
+9(w + x) + 4/81(w?x2 + w2x + wx? + wx))
(t N 2 ) ( t2 +2/81(9t(w? + x?2) + 2w2x? )
3lw — x|/ \+wx(6t + 2) + (wx(3t + 2) + 9(w + x))
2 t3
_ l ? |W - Xl +
3| 2 2 9t(w? + x2) + 2w?x? + wx (6t + 2)
a<”§'w"">( +(wx(3t+2)+9 )(W+x))

N, (Ix, Aw, 2t ). N,.(lw, Bx, 2t ) - N, (Ix, lw,t).N,.(Iw, Aw, t). N.(lw, Ix, t ). N.(lx, Bx, t)
N, (lw, lx,t) - N, (lw, lx,t)
= N,(lx,lw,t).N,.(lw, Aw, t).N,.(Ix, Bx,t)

£3

>

T (t+ [lw = IxD. (t + |lw — Aw]). (t + |lx — Bx]|)
£3

T (t+12w/3 = 2x/3]). (t + |2w/3 — 4w /3w + 9]). (t + |2x/3 — 4w /3w + 9])

t3

- ((¢ +12w/3 = 2x/3]). (¢ + [2(w? + w) /3w + 9]). (¢ + [2(x2 + x) /3x + 9]))

N ((t+|2TW—2?x )(£2 426 (W2 +w)/3w+9) +(x2 +3"—x+9)>

+(4aW24w).(x2+x)/(3w+9).(3x+9)
3

g

3lw-x|
+9(W2+x2)+6wx+9(W+x)+4/81(W2x2+w2x+wx2+wx))
(t+ 2 )( t2+2/81(9t(W2+X2) )
< 3lw=xI/\ f2w2x2 +wx (6t+2)+(wx(3t+2)+9(W+x))
3

( (z:+#_).(t2+(2t/81)(3w2x+3wx2 )

) 9t(w? + x2) + 2w?x?
1 2t 2 2
=3 le—x|+§(t+5|w—x|) +wx(6t + 2) (w +x))
+(wxBt+2)+9
R, (Ix,Aw, 2t).R,.(Iw, Bx, 2t) - R,.(Ix,lw,t).R,.(lw, Aw, t).R,.(Iw, Ix,t ). R,.(lx, Bx, t)

R,.(lw, Ix,t) - R.(lw,lx,t)
=R, (Ix,lw,t).R,.(Iw, Aw,t).R,.(Ix, Bx,t)
t3
= (t+|lw—1x]).(t+|lw—Aw]).(t+|lx—Bx|)
t3
Tt + 12w/3 = 2x/3]). (¢t + |12w/3 — 4w /3w + 9). (¢ + |2x/3 — 4w /3w + 9])
t3
(4 12w/3 = 2x/3D). (t + [2(w? +w) /3w + 9]). (¢ + [2(x% + x)/3x +9]))
t3
( 2w 2x 2 2
t+ |5 =) (¢ + 26(w? + w)/3w +9)

+(x2+3-+9)
+(4WwW? +w). (x2+x)/Bw+9).(3x +9)
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t3

# 2 2 5
(t * 3lw— x|) (2 + (2t/81)(3w2x + 3wx

+9(w? + x?) + 6wx
+9(w + x) + 4/81(w?x2 + w2x + wx? + wx))

(t L2 ) < t2 +2/81(9¢(W? + x2) )
3w — x|/ \+2w2x? + wx (6t + 2) + (wx(3t + 2) + 9(w + x))
< e
e , , 9t(w? + x?)
t
=55 Iw—xl+ ﬁ(t +3lw— xl) +2w2x? + wx(6t +2) | (w +x)) | 3.32

+(wxBt+2)+9
Lastly, we simplify the third term of (6), then from (29), for t > 0
1

1
Mo A t)—1+M(xBxt)—lzz(llw—Aw|+|lx—Bx|)
r W, Aw, r\X )
_1(]2w 4w 2x  4x _12w+w?) | 2(x+x?)
=+ )= (e )

tz 3 3w+9 3 3x+9 t 3w+9 3x+9
< E((3wx + 9w + x) + 9(w? +x2) + 6wx)

1
N,.(w,Aw, t) + N,.(x, Bx,t) = ?(llw — Aw| + |lx — Bx|)

1/|2w 4w 2x 4x

2] o 2 - ) 5
t 3 3w+9 3 3x+9

1 (2(w+w2) n 2(x+x2))
t 3w+9 3x+9

< é((wa + 9w + x) + 9(W? +x2) + 6wx)

1
R,.(w,Aw,t) + R, (x, Bx,t) = E(llw — Aw| + |lx — Bx|)

_1 (|2w 4w ) _1 (2(w+w2) + 2(x+x2))
T e\l3  3w+9 T\ 3w+9 3x+9

2x 4x
3 3x+9

2
< Tt((3wx + DWW + x) + 9(w? + x2) + 6wx)

Hence, all the conditions of Theorem 3.1 are satisfied with a = g,b = % andc = % The mappings A, B,and £ have a

unique CFP, that is, 0.
Theorem 3.5.

Let a NM-space, (M,, N,, R,) be triangular in a CNM-space ($, M, Ny, R.,,®,O) and let A,B,£: W — W be
three self-mappings, satisfies for all w,x € W,

{ (s 1)

1 1 ’
k+b (U (ABLwx,t) - 1) +c <Mr(lw,Bx,zt).Mr(lw,lx,t).MT (Ix,Aw,t) 1))

My(Iw,Aw,t). My (1x,Bx,t)
a(N,(w, Ix, 1)) }

Ny(lw,Bx,2t).Ny-(Iw,Lx,t).Ny (Lx,Aw,t)
+b(U (4,B,Lw,x, t)) te ( Ny-(Iw,Aw,t).N;- (Ix,Bx,t)

1
My (Aw,Bx,t)

N, (Aw, Bx,t) < {

a(Rr (lw, Ix, t))

R, (Aw, Bx,t) < Ry (w,Bx,26) Ry (I, 12,6) Ry (1, AW, ) (» 34

+b(U (4,B,Lw,x,1)) + C( Ry(Iw,Aw,t).R; (Ix,Bx,t) )
Where,

1 _ 1 _
U(A, B, f, W, x, t) — My-(Iw,lx,t) ) M;-(Ilw,Aw,t)
M,-(Ix,Bx,t) My (Lx,Aw,t )M,-(Iw,Bx,t) -

_ N, (lw, Ix, t), N.(lw, Aw, t), }
U4,B,t,w,x,t) = {Nr(lx, Bx, t)N,.(Ix, Aw, t)N,.(lw, Bx, t)

_ R,.(lw, Ix, t), R, (Ilw, Aw, t), }
U4,B,t,w,x,t) = {Rr(lx, Bx,t)R,(Ix, Aw, )R, (Iw, Bx, t) 35

fort >0and0<a,b,c<1with(a+b+c) <1

If A(W)u B(W) c £(W), where £(W) is a complete subspace of W. Then A4, B, and £ have a coincidence point
inW.
Proof.

Let w,ybe the arbitrary point of W. By the condition A(W) u B(W) < £(W) choose a sequence (w;) in Wsuch
that
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Wy = Awy; and €Wy, = Bwy;,q, forall i > 0. 36
Now, by (34), for t > 0,
M, (Ewyi41, €Wai42,t) = My (Awyy, Bwyiyq, t)
a(Mr@Wziv Wit t)) + b(U(A, B, L, wy;, Waitq, t))
< i (Mr(fwzi, Bwsiyq, 26). My (Ewyy, €Wy, £). My ($Wyiyq, Awsy, 2t)>
M, (Ewyi, Awyi, £). My (€wy 41, BWoi4q, £)

a(Mr({)Wzi' tWyis1, t)) + b(U(A, B, L, wyi, waitq, t))
= + (Mr(fwzi’lwzinrzt)-MrU’Wzifwziﬂ'f) )
Mr(Ewo W34 1,6)-Myr(EW32j41,IWa42,t)
Ny ($Wig1, EW3i42,8) = Np(Awyy, Bwyiyy,t)
a(Nr(‘EWZiv ‘€W2i+1' t)) + b(U(A! B! l! Wai, Wait1, t))

=< i (Nr(fwzi, Bws;yq, 26). Ny (Ewqy, €Woi1q, ). Ny (EWai1q, Ay, 2t)>

Ny (Ewyi, AWy, £). Np- (€W g, BWoyq, t)

a(N, (bwyy, w41, 8)) + b(U(A, B, L, wyi, Wyyss, 1))
+ (Nr(fwzi’lwzinrzt)-Nr(szii’Wziﬂrt))
Nyp(Ewo i, IWg iy 1,8) - Nr(EWoit1,IWai42,t)
Rr(8Wai11, tWoi42,8) = Ry (Awyy, Bwyyy, t)
a(Rr({)WZi'{)WZHD t)) + b(U(A' B, Lwyi, wyit1, t))
< +C(Rr({)WZiIBWZHLZt)'Rr({)WZi'{)WZHLt)'Rr({)WzHltAWZi'Zt))
R, ($wyy, Ay, t). Ry (fWgi41, BWoi4q, £)
a(Rr({)WZi’ Wiy, t)) + b(U(A: B, L, wyi, Waitq, t))
= { + (Rr(fwzile2i+2‘2f)-Rr@Wziﬂ?WZH1.f)) }
Ry (fWo)lwo 4 1,8).Rr(fW3 4 1,lW3j42,t)

37

Where
U(A' B' f' Wi Wait1, t)
Mr('EWZir lW2i+1: t): Mr(’EWZi: AWzi; t) }
M, (8Wzi41, BWyig1, 8), My (EWyiyq, Awyy, 1), My (EWpi, BWyiyq, t)
M, (Ewy, waigq, £), My (EWoy, Iwgiyq, t) }
M, (EWai 11, IWoi42, £), My (EWaiy1, IWai4, 1), My (EWqy, IWg45, £)
o {Mr(fwzp Waig1, t), My (EWaigq, Wiz, t)»} _
=min =0.
0, M,.($wy;, Wy 45, t)
U(A' B' {)' Woi Wait1, t)

= min{

= min{

Ny (8w, Wy 41, £), Ny (EWy;, AWy, t) }
Nr(‘£W2i+1l BW2i+1l t)' Nr(£W2i+ll AWZL‘J t), Nr(‘EWZiJ BW2i+1l t)
N, (bW, Wy 41, 1), Ny (EWsy, Wy g4, t) }
Ny (EWyig1, Waiia, 0), N (BWpipq, Wgi4a, £), N (Bwyy, Iwp i, £)
— max {Nr(fwzlw wyitq, 0), Ny (Bwpigq, IWaig, t)»} —0
0, N ($wyy, w4, £)

=max{

=max{

U(Av Bv {)' W2i, Wait1s t)
Rr(ngil lW2i+1' t), Rr(€W2il AWZL‘J t) }
Ry (fWpis1, BWyit1, ), R (EWpiy1, AWy, ), Ry (€Wyi, BWyiyy, t)
R, (Ewyi, IWpi41, 1), Ry (EWpi, Iy q, t) }
Ry (fWais1, W42, ), Rr(EWpis1, Wiy, ), Ry (EWyy, IWpy s, 1)

=max{

=max{

_ R, (bW, Wz 1, ), R (EWii, W45, 1))
= max = 0. 38
O' _R‘r(towz_il_lv_v2i+21t)_ i
From (37), (38), and by using Definition 2.2 (iv), for t > 0, we obtain
( A Cremmrmmr ity
My (Pw2 i fW3jt1,t)
I S
My (EWpit1,Wpit2,t) +c 1 —1]]
Mr(ew Wy 1 ) Mr(EW gy W42 t)-Mr(Ewoi Wit q.t) J
My(ewpplwoi g1, 6) Mr(Ewp g1, 1wsi45.t)
a(Nr('ngi' €W2i+1; t))
Nr(€W2i+1' Wiz, t) < +c (Nr(fwzi‘lwzi+1‘t)-N-r(fW2i+1szi+2't)-Nr(szi'lW2i+1vt))
Ny (€W IW341,8)-Np(EWai 4 1,1W3242,8)
a(Rr([Wzi; tWais1, t))
Ry (fWyit1, tWpiyp,t) < +c (Rr(fwzi'lW2i+1't)-Rr(€W2i+1rfWZi+2rt)-Rr(f’WzirlwziH't)) 39
Ry(fw2lW3i41,8) Rr(fW2jt1,IW2 4 2,t)
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After simplification, for t > 0,
Ry ($W3i42, tWoi43,t) = Rp(Awyiyg, BWyiyy, t)
|( a(Rr(€W2i+2'fW2i+1, t)) \l
< { +b(U(A4, B, L, W42, Wais1, 1)) }
i (Rr(€W2i+2' Bwyitq, 26). Ry ($Wyi 42, €Wai11, ). R (E Wiy 1, AWy, Zt))
Ry ($W3i42, AWqi42, 0). R (EWai11, BWyiyy, 1) }
{a(Rr({)szz' Wyi1, 1)) + B(U(A, B, L, Wi, Wyisq, 1))

+ (Rr(fWZi+z'lei+1'f)-Rr(fW2i+1'{’W2i+3'25)) 41
Rr(W2i42,IW243,0)-Rr(EWait1,IWai42,t)

Where,
M, ($Wyi42, IW5i11, 1), Mr(EWyi42, AWz 45, €)
U(A, B, £, W42, Waip1, t) = min{ My (€wyi1q, Bwyiyy, t), M (EWai1q, AWyiyp, 1),
M, (wyi 2, BWyiyq, t)
M, (w;i4a, IWoi1, £), My (EWsi g, IWgiy 5, £)
= min{ My (€waip1, Wz 45, 0), M (EWsi45, IWsiy3, 0),
M, ($Wyi42, IWsiya, t)
= min{M, (¢wyi 42, Wai11, 1), My (EWyi4z, IWsiy s, £), M (EWpiy 1, IWa i3, 1), 0}
Ny (EWi42, Wz, 0), N (BWpi10, AWy, £)
U(A, B, £, W42, Wpis1,t) = max { Ny (EWpiy1, BWyipq, £), Np (EWyipq, AWpigs, £),
N, (£Wyi4p, BWpiyq, t)
Ny (EWyigz, Wzipq, 0), N (BWaih0, IWpiy s, t)
= max N (w11, IWoi42, 0), N (EWp40, IWp 43, 1),
Ny (EWyigp, IWyiip, t)
= max{N,({wyi 42, Wz 11, £), N (EWzi1p, IWpiy3, 1), N (EWpipq, Iwpiy s, t), 0}
Ry (W42, W41, £), R (EW3i 42, AWpi42, 1)
U(A, B, £, W2, Wyis1,t) = max { Rr($Wzi41, BWyiy1, 1), Ry (EWqi 41, AWpi45, 1),

R, (W12, BWyiiq,t)
_ max{ Ry (W42, Wi, 1), Ry (EWpi iz, IWpi 3, 1) }
Ry (bWai1, IWz42,0), Ry (EWpi2, IWpi 43, £), Ry (EWpj 42, W45, 1)
= max{R, (W42, IW3i41, 1), Rr(EWa42, IW3143, 1), R (EWpy41, IWp;45, 1), 0} 42
Now from (41), (42), and by using Definition 2.2 (iv),
L a(M(Ewis2, Wyisq, 1))
My(fWzi12,4W3j43,6) —ls +c (MT({)WZHZ'ZWZH1't)-Mr(fW2i+1'fW2i+z‘t)-Mr([Wzi+2'lW2i+3;t))
Myr(Ew 242, W2143,8) Mr(EWziq1,IWzj42,t)

a(Nr(€W2i+2' Wit t))
Ny (EWais2,EW3i43, 1) < +c (Nr(szHz'lWZi+1'f)-Nr(fWZi+1‘4’W2i+z‘t)-Nr(fwzi+z'lW2i+3'f))
Ny (8w 42, W2i43,8) Nr(EWzit1,IWzi17,8)

43

a(Rr(€W2i+2'€W2i+1t t))
Ry (EWyis2, €Wyi43, 1) < +c (Rr(szi+2'lW2i+1'f)-Rr(fWZi+1nf’W2i+z‘t)-Rr(fwzi+z'lW2i+3'f))
Rr(fWzi421W2i43,0).Rr(EW2i11,lW2i17,8)
Then after simplification, for t > 0,
1
_— 1< _ - =
My(fW2i24W3j43,t) 1=¢ (Mr([W2i+1'fW2i+2't) 1) where ¢ = (a + ¢) <1
Ny (EWpiz, EWoi3, ) < {(Np(EWpiiq, EWpi4p, t)) Where { = (a + ¢) < 1
Ry ($w3i42, tWay3,8) < ((Rr(fwziﬂ; 1«0W2i+2:t)) where { = (a + ¢) <1 44
Now, from (40), (44), and by induction,
Ry ($Wyi40, EWyi13,0) < C(Rr(IWgiyq, IWai42,1))
< (2 (Rr(fwzi, [,WZiH’ t))
< o S PH2(R(Pwg, fwy, ) — O as i — oo. 45
Hence, (Yw;) is a neutrosophic-contractive sequence in (9, M., N, R,.,*, ®,O), therefore,
lim M, (Yw;, #w;_4,t) = 1 for t > 0, lim N,.(¥w;, #w;_4,t) = 0 for t > 0 and
i—oo

1—00

1

lim R, (Yw;, #w;_4,t) =0 fort >0 46
LS?;oce M,, N, R, is triangular, j > i > i,

1 _ {Mr(lWi' W1, t) + My (Iwigq, Wiy, t)}
M, (tw;, tw;, t) + o My (Iwig, lwj, t)
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< {Zi(Mr(t”Wi'fWHl't)) My B, B t))]
- 4o g (Mr({’Wi—l:ij’t))
< (G4 G e Y (M Cewg, w1y, )
< () (0, et £,,0) — 005 1
N,-(Iwg, Iwyq,t) + N (lw; g1, Iwi 4o, t)}
N Nr(lWi—l' le, t)
< {zi(Nr({)Wi'{)WHl' 0) (N (s, b t))}
= okt (Nr({’Wi—l'{’Wj't))
< (@E 43 4+ TN (Bwg, wy, 1)
) o) o
Ry (Iwi, Wiy, 8) + Ry (Wi, Wiy, t)}
4ot Rr(lWi—l' le, t)
- ri(Rr(fWi.i’WHl; t)) + T (R Wiy, Wi, t))]
= o gt (Rr(fWi—lewj't))
< (@ + 4 o+ T (R (Bwg, £wy, t)
< (%) (Re(owy, twy, ) = 0as i — e, Y

This shows that (#w;) is a Cauchy sequence and (W) is a complete subspace of W. Hence, 3 u, v € Wsuch that fw; —
u ={fvasi — m,i.e.

lim M, (u, #w;, t) = M. (u,fv,t) =1 fort > 0,

[—>o0

lim N, (u, #w;, t) = N,.(u,€v,t) = 0 for t > 0 and
[—oo
lim R, (u, w;, t) = R,.(u,fv,t) = 0 fort > 0. 48
[—oo
Since M,.,, N, R,. is triangular,
1 1 1
My(£v,Av,t) —1= (Mr(lv,lwzi_,_z,t) - 1) + (Mr(lwzH_z,Av,t) - 1) fOT t>0,
N.(£v, Av, t) < (N.(Iv, Iwzi42, 1)) + (N, (Iwaiys, Av,t)) for t > 0,

R.(¢v,Av,t) < (R, (v, Wy145,8)) + (R, (Iwyiy, Av, t)) for t > 0. 3.49
Now, from (34), (46), (48), and by using Definition 2.2 (iv), for t > 0, we have that
1 1

Nr(fwi,fwj,t) < {

RT('BWL',‘EW}',I') < {

—1= -1
MT({)WZL'+2'AU' t) MT(AUI BW2i+1't)

<

a(M, (v, ewyi41,0)) + b(U(A, B, v, wyi44,t))
+c (Mr(t’v,lwzi+2,t).MT(Fv,f’wzi+1,t).Mr(€w2i+1,€v,t).MT({’v,Av,t))
My(£v,A0,t). My($Woj41,IlW5i42,t)
- b(U(A,B,l,v,wy;4q,t)) ast - oo.
Ny (£W342,Av,t) = N.(Av, Bwyiyy, t)
a(N,(£v, €wyi11,8)) + b(U(A, B, L v, wyi41,t))
+c (NT({"U,BWZi+1,2t).NT(€V,€W2i+I,t).Nr({’Wzi+1,Av,2t))
Ny(£v,40,t).Ny-(fW341,BW3i41,t)
a(N,(£v, ewyi11,t)) + b(U(A, B, L v,wyiyq, 1))
< e (NT({’v,lwzi+2,t).Nr({’v,{’wzi+1,t).Nr({’wzi+1,{’v,t).Nr({’v,Av,t))
Ny (v,A0,6).Np(fWqj41,IWp42,t)
- b(U(A,B,l,v,wy4q,t)) as t - oo,
Rr(€W2i+21 AU, t) = RT(A]]' BW2i+11 t)
a(Rr(t’v, Wyitq, t)) + b(U(A, B,L,v,wy41, t))
(Rr(fv,szi+1,2t).RT(€v,t’W2i+1,t).RT({’w2i+1,Av,2t))
+c
Ry (£0,A0,8) Ry (fW341,BW2i41,t)
a(Rr(t’v, tWyiiq, t)) + b(U(A, B,L,v,wy 41, t))
+c (Rr(fv,lw2i+2,t).RT(€v,{’w2i+1,t).RT(€w2i+1,€v,t).RT(€v,Av,t))
Rr(£v,40,6) Ry (fW3i41,IW3j42,1)

- b(U(A,B,,v,wy;;q,t)) ast - . 50

<

<

<

Where,
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M,.(fv, lwyiq, ), M, (v, Av, t)
U(A' B' l' U, Wait+1, t) = min MT({)WZL'+1' BW2i+1' t)'
M, ($wyi41, AV, 1), M, (€0, Bwyi 44, €)
M, (v, lwy;,q,t), M, (lv, Av, t) }
Mr (‘€W2i+1' lW2i+2v t)v Mr(‘€W2i+1! AU, t)! Mr(‘gv! lW2i+2! t)
- min{0, M, (lv, Av,t)} = 0 as i > oo.

= min{

N, (v, lwy; 41, ), N.(lv, Av, t) }
Nr(‘€W2i+1v lW2i+2v t)' Nr(‘£W2i+1! AU, t)! NT(’EU! lW2i+2! t)
- max{0, N.(lv, Av,t)} = 0 as i > oo.
R,.(€v,lwy;4q,t), R-($v, Av, t)
U(A' B' l' U, W2i+1, t) = max Rr(€W2i+1' BW2i+1' t)'
Ry (fwi41, AV, 0), R, (8, Bwyi 44, 1)
R,.(#v,lwyi 1, t), R-(lv, Av, t) }

Rr(‘€W2i+1' lW2i+2v t)v Rr(‘€W2i+1! AU, t)! RT(’EU! lW2i+2! t)

- max{0,R,(lv,Av,t)} = 0as i — oo. 51
Now from (50) and (51), for t > 0, we have,
liminf(MT(lWZHZ,Av, t)) fort > O,liminf(Nr(lWZHZ,Av, t)) fort>0
i—o0 11—

liminf (R, (Iw,4,, Av, 1)) for t > 0. 52
[—>o0
By using the value (48) and (52) in (49) with limit i — oo, we get that ———— = 0,u=4v=Av fort >0,

My(£v,Av,t)
N,.(fv,Av,t) =0=>u=+%v = Av fort > 0and
R.(#v,Av,t) =0=>u=Ffv=Av fort > 0.

Next, to prove that u = ¢v = Bw. Since, M,, N,., R,.is triangular,
1 1 1
M- (£v,Bv,t) —-1< My(lv,lwyiyq,t) -1+ My(Iwpiyq,Bv,t) —1fort>0,
N,.(Yv,Bv,t) < N,(lv,lwy;41,t) + N.(Iwy; 44, By, t), for t > 0and
R,.(Yv,Bv,t) £ R.(lv,lw,i;q,t) + R-(Iwy; 44, By, t), for t > 0. 53

Now, from (34), (46), (48), and by Definition 2.2 (iv), for t > 0, we have that
1 1

=max{

= max{

M, @wyier B, D) - My (Awy Bo D)
a(M,(fwy;, w,t)) + b(U(A, B, L, wy;, v, 1))
< M, (fw,;, Bv, 2t). M. (Yw,;, €Wy, t). M. (v, Aw,;, 2t)
e ( M, (6wyy, Awyy, £). M, (€0, Bu, ©) )
a (M,(fwy;, €v,)) + b(U(A, B, L, wy;, v, 1))

< e My (W 10,8).My-(£0,B0,8). My (bW 1,00,8). My (£0,6Wo 14 1.t
My (Ewq; twoi+1,t).My(lv,Bv,t)

—)b(;_l) ast —» oo,
U(A,B,Ly,wy,t)

NT(£W2i+1' Bv, t) = Nr(AWZi! Bv, t)
a (N, (fwy, #v,6)) + b(U(A, B, L, wy;, v, 1))
< (Nr({’wzL-,lv,t).Nr(Fv,Bv,t).Nr(szi,{’v,t).NT({’v,{’wzHl,t))
+c
Np(ewq; twoi+1,t).Ny(lv,Bv,t)
- b(U(A, B, L,v,wy;, t)) ast - .
RT(£W2i+1v Bv, t) = Rr(AWZi' Bv, t)

a(Rr(fwzl-, lv, t)) + b(U(A, B, l,wy;, v, t))
< N <Rr(1,”w2i, Bv, 2t). R, (fwy;, Pwy;, t). R,.(£v, Awy,;, 2t)>
c

R,.(fwy;, Aw,;, t). R.(Yv, By, t)
a (R,(fwzl-,t’v, t)) + b(U(A, B,l,wy;, v, t))

< +c Ry (fwy,lv,t).Ry(£0,B,t).Ry(fW4 1, £0,t) . Ry-($V, W5 4 1,t)
Ry(twyi twyi+1,t).Ry-(lv,Bv,t)
- b(U(A,B,L,v,wy;,t)) ast — oo, 54

Where,

o M, (lwy;, v, t), M,.(lw;, Aw,;, t) }
U(A, B, wy;,v,t) = min {M, (¢v, B, t), M, (Iv, IA, t), M, (Iw,;, Bv, t)
Mr(lWZil l'U, t), MT(ZWZi! lW2i+1’ t) }

- {Mr (lv, Bv, t), M. (¥v, lw,; 41, t), M,.(lwy;, Bu, t)
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- min{0, M, (lv,Bv,t)} =0asi - o
_ N, (lwy;, v, t), N, (lw;, Aw,;, t) }
U(A, B, L wy,v,t) = max {Nr (¢v, B, t), N, (Iv, A, t), N, (Ilw,;, B, t)
Nr(lwziﬂlv' t)' Nr(lWZi:lW2i+1:t) }
N,.(lv, Bv, t), N,.(£v, lwy; 1, t), N.(Iwy;, Bv, t)
- max{0, N, (lv,Bv,t)} =0asi - o
R, (lwy;, v, t), R, (Iwy;, Awy;, t)
U(A,B,L,w,;, vt =max{ T r L ¢ }
( 200, 1) R,(¢v,Bv,t),R,(lv,1A,t), R, (lw,;, Bv, t)

=max{

_ max{ Ry (lwzy, v, ), Ry (Iwyy, w4, 1) }
R.(lv,Bv,t), R.(£v, lw,;,4,t), R, (lwy;, By, t)
- max{0,R,(lv,Bv,t)} = 0as i — oo. 55

Now from (54) and (55), for t > 0, lim sup(M,(Iwy;41, Bv,t)) for t > 0,
i—oo
lim inf(Nr(lWZiH,Bv, t)) fort>0 and

1—co
ngg inf (R, (Iwyi41, Bv,t)) fort > 0. 56
By using the value (48) and (56) in (53) with limit i — oo, we obtain
M,(#v,Bv,t) =1=>u=+fv=Bv fort>0.
M,(Yv,Bv,t) =0=>u=+4v=Bv fort >0 and
M,(#v,Bv,t) =0=>u=+fv=Bv fort > 0.
Hence, we obtain that uis a common coincidence point of the mappings ¢, 4, and B in Wsuchthat u = fv = Av =

Bv.
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