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Abstract 

In this article, demonstrated certain coincidence point and Common Fixed Point [CFP] findings under the rational 

type weakly compatible neutroshophic-contraction conditions [WNC-C] in complete neutroshophic metric spaces [CNM-

spaces] utilizing the "triangular property of neutroshophic metric" with examples. Also provided neutroshophic non-linear 

fuzzy differential equations[NFDEs] as an application and demonstrated that the solution of the NFDEs has a unique CFP 

of the integral operators 𝐵, 𝐶  and ℊ. This new path of weakly-compatible neutroshophic fuzzy-contraction [WNC-C] with 

the use of NFDEs in NM-space will be crucial. With different sorts of WNC-C for self-mappings and different forms of 

NFDEs in the context of NM-spaces, this approach may be expanded and developed in diverse directions. 

1. Introduction 

The Intuitionistic fuzzy metric space (IFM-space) set is introduced by Atanassov [1]. We followed L. Xia and Y.H. 

Tang [16] and [17] in establishing the FP theorem (also known as FPT) for IC-maps in FM-space. We then used this theorem 

in IFM-space and demonstrated FP in a similar manner. Next, neutrosophic metric spaces (NM-space), which address 

membership, non-membership, and naturalness functions, were presented by Kirişci and Simsek [7]. Some FPR in NM-

space was demonstrated by Simsek and Kirişci [8] and Sowndrarajan et al. [10]. The neutrosophic soft linear spaces, often 

known as NSL-space, were defined by Bera and Mahapatra [2]. Neutropic soft normed linear spaces (NSNL-space), first 

presented by Mahapatra and Bera [3], have been around for a time. Neutropic norm, Cauchy sequence in NSNL-space, 

NSNL-space convexity, and metric in NSNL-space were all examined in [3]. Neutropic contractive mapping, or NC-

mapping for short, was described by Kirisci et al. [6] and FP results in whole NM-space were demonstrated. Some of the 

following journals [4-5, 8-18] are very useful to following research work.  

2. Preliminaries 

Definition 2.1 [12] 

An operation  ∗∶ [ 0, 1]2 → [0,1] be a continuous t-norm, if 

(i) ∗ be continuous 

(ii) ∗ is commutative and associative 

(iii) 1 ∗ 𝜘1 = 𝜘1 and 𝜘1 ∗ 𝜘2 ≤ 𝜘3 ∗ 𝜘4, whenever 𝜘1 ≤ 𝜘3 and 𝜘2 ≤ 𝜘4, ∀𝜘1, 𝜘2, 𝜘3, 𝜘4 ∈ [ 0, 1]  

An operation  ⨁ ∶ [ 0, 1]2 → [0,1] is called a continuous t-conorm, if 

(i) ⨁ be continuous 

(ii) ⨁ is commutative and associative 

(iii) 0 ⨁𝜘1 = 𝜘1 and 𝜘1⨁𝜘2 ≤ 𝜘3⨁𝜘4, whenever 𝜘1 ≤ 𝜘3 and 𝜘2 ≤ 𝜘4,  ∀𝜘1, 𝜘2, 𝜘3, 𝜘4 ∈ [ 0, 1]  

The basic continuous t-conorms of maximum, product, and Lukasiewicz are defined by Schweizer and  Sklar [30], 

respectively, as follows 

(i) The minimum t-conorm is  𝜘1 ∗ 𝜘2  =  min {𝜘1, 𝜘2} 
(ii) The product t-conorm is 𝜘1 ∗ 𝜘2  =  𝜘1𝜘2 

(iii) The Lukasiewicz  t-norm is  𝜘1⨁𝜘2  =  max {0,1 − 𝜘1, +𝜘2} 
(iv) The minimum t-conorm is  𝜘1⨁𝜘2  =  max {𝜘1, 𝜘2} 
(v) The product t-conorm is 𝜘1⨁𝜘2  =  𝜘1, +𝜘2 − 𝜘1𝜘2 

(vi) The Lukasiewicz  t-norm is  𝜘1⨁𝜘2  =  min {𝜘1, +𝜘2, 1} 
Definition 2.2 [15] 

A 7-tuple (ℌ,Mr, 𝑁r, 𝑅r,∗,⨁,⊙) be a NM-space if ℌ is an arbitrary set, ∗ be a continuous  t-norm and ⨁ be 

continuous  t-conorm and (Mr, 𝑁r, 𝑅r) is neutrosophic set on ℌ2 × (0,∞) satisfies: 

(ℜi) M r(𝜑, 𝜈, 𝑡) ≥ 0 

(ℜii) M r(𝜑, 𝜈, 𝑡) = 1 ⇔ 𝜑 = 𝜈 

(ℜiii) M r(𝜑, 𝜈, 𝑡) = M r(𝜈, 𝜑, 𝑡) 
(ℜiv) M r(𝜑, 𝜈, 𝑡 + 𝑠) ≥ M r(𝜑, 𝑘, 𝑡) ∗ M r(𝑘, 𝜈, 𝑠) 
(ℜv) M r(𝜑, 𝜈, −): (0,∞) → [0,1] is continuous ∀𝜑, 𝜈, 𝑘 ∈ ℌ and 𝑡, 𝑠 ∈ (0,∞). 
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(ℜvi) N r(𝜑, 𝜈, 𝑡) ≤ 1 

(ℜ𝑣ii) N r(𝜑, 𝜈, 𝑡) = 0 ⇔ 𝜑 = 𝜈 

(ℜ𝑣iii) N r(𝜑, 𝜈, 𝑡) = N r(𝜈, 𝜑, 𝑡) 
(ℜix) N r(𝜑, 𝜈, 𝑡 + 𝑠) ≤ 𝑁 r(𝜑, 𝑘, 𝑡)⨁N r(𝑘, 𝜈, 𝑠) 
(ℜx) N r(𝜑, 𝜈, −): (0,∞) → [0,1] is continuous ∀𝜑, 𝜈, 𝑘 ∈ ℌ and 𝑡, 𝑠 ∈ (0,∞). 
(ℜ𝑥i) R r(𝜑, 𝜈, 𝑡) ≤ 1 

(ℜxii) R r(𝜑, 𝜈, 𝑡) = 0 ⇔ 𝜑 = 𝜈 

(ℜ𝑥iii) R r(𝜑, 𝜈, 𝑡) = R r(𝜈, 𝜑, 𝑡) 
(ℜ𝑥iv) R r(𝜑, 𝜈, 𝑡 + 𝑠) ≤ R r(𝜑, 𝑘, 𝑡) ⊙ R r(𝑘, 𝜈, 𝑠) 
(ℜ𝑥v) R r(𝜑, 𝜈, −): (0,∞) → [0,1] is continuous ∀𝜑, 𝜈, 𝑘 ∈ ℌ and 𝑡, 𝑠 ∈ (0,∞).            1 

Lemma 2.3 [13] 

Let N r(ℌ, 𝑥,∗), N r(ℌ, 𝑥,⨁) and N r(ℌ, 𝑥,⊙) is non-decreasing and non-increasing  ∀ 𝜑, 𝜈 ∈ ℌ. 
Definition 2.4 [14] 

Let (ℌ,Mr, 𝑁r, 𝑅r,∗,⨁,⊙) be a neutrosophic space, 𝜑 ∈ ℌ and (𝜑j)  is a sequence in ℌ. Then, 

(i) (𝜑j) converges to 𝜑 if  𝑘 ∈ (0,1)and 𝑡 > 0. ∃ j1 ∈ ℵ,such that  M r(𝜑j, 𝜑, t) > 1 − 𝑘, ∀ 𝑗 ≥ j1, n r(𝜑j, 𝜑, t) < 𝑘, ∀𝑗 ≥ j1, 

R r(𝜑j, 𝜑, t) < 𝑘, ∀𝑗 ≥ j1  We may write this lim
𝑗→∞

𝜑j = 𝜑 or  𝜑j → 𝜑 as  j → ∞. 

(ii) (𝜑j)  is a Cauchy sequence[C-S] if 𝑘 ∈ (0,1)  and 𝑡 >  0. such that   j1 ∈ ℵ, such that         M r(𝜑j, 𝜑i, t) < 1 −

𝑘,𝑁 r(𝜑j, 𝜑i, t) < 𝑘, R r(𝜑j, 𝜑i, t) < 𝑘, , ∀𝑗, 𝑖 ≥ j1 

(iii) (ℌ,Mr, 𝑁r, 𝑅r,∗,⨁,⊙) is complete if every C-S is convergent in ℌ 

(iv) N-C, if  ∃ 𝑎 ∈ (0, 1) and satisfying 

M r(𝜑j, 𝜑j+1, t) ≥ 𝑎 (M r(𝜑j−1, 𝜑j, t)) for 𝑡 > 0, 𝑗 ≥ 1 

N r(𝜑j, 𝜑j+1, t) ≤ 𝑎 (N r(𝜑j−1, 𝜑j, t)) for 𝑡 > 0, 𝑗 ≥ 1 

R r(𝜑j, 𝜑j+1, t) ≤ 𝑎 (𝑅 r(𝜑j−1, 𝜑j, t)) for 𝑡 > 0, 𝑗 ≥ 1              2 

The set of natural numbers is consider this paper ℵ. 

Lemma 2.5 [17] 

Let (ℌ,Mr, 𝑁r, 𝑅r,∗,⨁,⊙) be a NM-space. A sequence 𝜑j in 𝜑 converges to 𝜑 ∈ ℌ if and only if  M r(𝜑j, 𝜑, t) →

1,  N r(𝜑j, 𝜑, t) → 0, and R r(𝜑j, 𝜑, t) → 0,  as 𝑗 → ∞, for 𝑡 > 0. 

Definition 2.6  

Let (ℌ,Mr, 𝑁r, 𝑅r,∗,⨁,⊙) be a NM-space. The NM-space (Mr, 𝑁r, 𝑅r) is triangular, if  

M r(𝜑, 𝜈, t) ≥ M r(𝜑, 𝑘, t)  + M r(𝑘, 𝜈, t)∀𝜑, 𝜈, 𝑘 ∈ ℌ, 𝑡 > 0.  

N r(𝜑, 𝜈, t) ≤ N r(𝜑, 𝑘, t)  + N r(𝑘, 𝜈, t)∀𝜑, 𝜈, 𝑘 ∈ ℌ, 𝑡 > 0. 
R r(𝜑, 𝜈, t) ≤ R r(𝜑, 𝑘, t)  + R r(𝑘, 𝜈, t)∀𝜑, 𝜈, 𝑘 ∈ ℌ, 𝑡 > 0.                    3 

Definition 2.7 [18] 

Let (ℌ,Mr, 𝑁r, 𝑅r,∗,⨁,⊙)  be a NM-space. A mapping 𝐵: ℌ ⟶ ℌ is said to be a N-C if ∃ 𝑏 ∈ (0,1) such that 

M r(B𝜑 , B𝜈, t) ≥ 𝑏(M r(𝜑, 𝜈, t))∀ 𝜑, 𝜈 ∈ ℌ, 𝑡 >  0.  

N r(B𝜑 , B𝜈, t) ≤ 𝑏(N r(𝜑, 𝜈, t))∀ 𝜑, 𝜈 ∈ ℌ, 𝑡 >  0.  

𝑅 r(B𝜑 , B𝜈, t) ≤ 𝑏(𝑅 r(𝜑, 𝜈, t))∀ 𝜑, 𝜈 ∈ ℌ, 𝑡 >  0.                                4 

Definition 2.8  

Let 𝐵and ℊ be two self-mappings on a nonempty set ℌ (i.e., 𝐵, ℊ: ℌ ⟶ ℌ). If there exists 𝑤 ∈ ℌ and   𝑤 = 𝐵𝑢 =
ℊ𝑢 for some 𝑢 ∈ ℌ. Then, 𝑢 is called a coincidence point of 𝐵 and ℊ, and 𝑤 is called a point of coincidence of the mappings 

𝐵 𝑎𝑛𝑑 ℊ. The mappings 𝐵 𝑎𝑛𝑑 ℊ are said to be weakly-compatible if they commute at their coincidence point, 𝑖. 𝑒. , 𝐵𝑢 =
ℊ𝑢 for some  𝑢 ∈ ℌ, then 𝐵ℊ𝑢 = ℊ𝒖. 
Proposition 2.9 

Let 𝐵  and ℊ  be weakly-compatible self-mappings on a nonempty set  ℌ. If  𝐵  and ℊ  have a unique point of 

coincidence such that 𝑤 = 𝐵𝑢 = ℊ𝑢, then, 𝑢 is known as the unique common 𝑁𝐹𝑃 of 𝐵 and ℓℊ. 
3. Main Result 

Throughout main results, we use the concept of a binary operation ∗ is a continuous product t-norm and ⨁ is a 

continuous product t-conorm which is defined as: 

𝜑 ∗ 𝜈 =  𝜑 · 𝑣 for all  𝜑, 𝑣 ∈ [0, 1] 
𝜑⨁𝜈 =  𝜑 +  𝑣 − 𝜑 · 𝑣 for all  𝜑, 𝑣 ∈ [0, 1]                      5 

Theorem 3.1 

Let a NM-space(Mr, 𝑁r, 𝑅r) is triangular in a CNM-space(ℌ,Mr, 𝑁r, 𝑅r,∗,⨁,⊙) and let𝐵, 𝐶, ℊ: ℌ ⟶ ℌ be three 

self-mappings, satisfies, for all  𝜑, 𝑣 ∈ ℌ, 
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(
1

M r(B𝜑,Cv,t)
− 1) ≥

{
 
 

 
 
𝑒 (

1

M r(ℊ𝜑,ℊv,t)
− 1) + 𝑓 (

1

M r(ℊv,𝐵𝜑,2t).M r(ℊ𝜑,Cv,2t)

M r(ℊ𝜑,ℊv,t)

− 1)

+𝑔 (
1

M r(ℊ𝜑,𝐵𝜑,t)
− 1 +

1

𝑀 r(ℊv,Cv,t)
− 1)

}
 
 

 
 

,  

N r(B𝜑 , Cv, t) ≤ {
𝑒 (N r(ℊ𝜑, ℊv, t)) + 𝑓 (

N r(ℊv,𝐵𝜑,2t).N r(ℊ𝜑,Cv,2t)

μ r(ℊ𝜑,ℊv,t)
)

+𝑔 (𝑁 r(ℊ𝜑 , 𝐵𝜑 , t) + 𝑁 r(ℊv, Cv, t))
},  

R r(B𝜑 , Cv, t) ≤ {
𝑒 (R r(ℊ𝜑 , ℊv, t)) + 𝑓 (

R r(ℊv,𝐵𝜑,2t).R r(ℊ𝜑,Cv,2t)

μ r(ℊ𝜑,ℊv,t)
)

+𝑔 (R r(ℊ𝜑 , 𝐵𝜑 , t) + R r(ℊv, Cv, t))
},                        6 

For  𝑡 > 0 and 0 ≤ 𝑒, 𝑓, 𝑔 < 1 with (𝑒 + 𝑓 + 2𝑔) < 1. If  𝐵(ℌ) ∪ 𝐶(ℌ) ⊂ ℊ(ℌ), where ℊ(ℌ) is a complete subspace of  

ℌ. Then 𝐵, 𝐶 and ℊhave a unique point of coincidence. Moreover, if the pairs (𝐵, ℊ) and (𝐶, ℊ) are weakly compatible. 

Then, 𝐵, 𝐶 and ℊ have a unique CFP in ℌ. 

Proof 

Let 𝜑𝑜 be the arbitrary point of ℌ. Using the condition 𝐴(ℌ) ∪ 𝐵(ℌ) ⊂ ℊ(ℌ) choose a sequence (𝜑𝑖) in ℌ such 

that 

ℊ𝜑2𝑖+1 =  B𝜑2𝑖  and ℊ𝜑2𝑖+2 =  𝐶𝜑2𝑖+1, for all 𝑖 ≥ 0.                            7 

Now, by (6), for 𝑡 > 0, 
1

M r(ℊ𝜑2𝑖+1, ℊ𝜑2𝑖+2, t )
− 1 =

1

M r(𝐴𝜑2𝑖 , B𝜑2𝑖+1, t )
− 1  

    ≥

{
 
 

 
 𝑎 (

1

M r(ℊ𝑤2𝑖,ℊ𝑤2𝑖+1,t )
− 1)

+𝑏(
1

M r(ℊ𝑤2𝑖+1,𝐵𝑤2𝑖,2t ).M r(ℊ𝑤2𝑖,𝐶𝑤2𝑖+1,2t )

Mr(ℊ𝑤2𝑖,ℊ𝑤2𝑖+1,t )

− 1)

+𝑐(M r(ℊ𝑤2𝑖 , 𝐵𝑤2𝑖 , t ) + M r(ℊ𝑤2𝑖+1, 𝐶𝑤2𝑖+1, t ))}
 
 

 
 

  

=

{
 
 
 
 

 
 
 
 𝑎 (

1

M r(ℊ𝑤2𝑖 , ℊ𝑤2𝑖+1, t )
− 1 )

+𝑏(
1

M r(ℊ𝑤2𝑖+1, ℊ𝑤2𝑖+1, 2t ). M r(ℊ𝑤2𝑖 , ℊ𝑤2𝑖+2, 2t )
M r(ℊ𝑤2𝑖 , ℊ𝑤2𝑖+1, t )

− 1)

+𝑐 (
1

M r(ℊ𝑤2𝑖 , ℊ𝑤2𝑖+1, t )
− 1 +

1

M r(ℊ𝑤2𝑖+1, ℊ𝑤2𝑖+2, t )
− 1)

}
 
 
 
 

 
 
 
 

 

=

{
 
 
 
 

 
 
 
 𝑎 (

1

M r(ℓ𝑤2𝑖 , ℓ𝑤2𝑖+1, t )
− 1)

+𝑏(
1

M r(ℓ𝑤2𝑖 , ℓ𝑤2𝑖+2, 2t )
M r(ℓ𝑤2𝑖 , ℓ𝑤2𝑖+1, t )𝑀 r(ℓ𝑤2𝑖 , ℓ𝑤2𝑖+2, 2t )

− 1)

+𝑐 (
1

Mr(ℓ𝑤2𝑖 , 𝑙𝑤2𝑖+1, t )
− 1 +

1

M r(ℓ𝑤2𝑖+1, 𝑙𝑤2𝑖+2, t )
− 1)

}
 
 
 
 

 
 
 
 

 

𝑁 r(ℊ𝜑2𝑖+1, ℊ𝜑2𝑖+2, t ) =  N r(𝐴𝜑2𝑖 , B𝜑2𝑖+1, t ) 

≥

{
 
 

 
 𝑎(𝑁 r(ℊ𝑤2𝑖 , ℊ𝑤2𝑖+1, t ))

+𝑏 (
N r(ℊ𝑤2𝑖+1, 𝐵𝑤2𝑖 , 2t ). N r(ℊ𝑤2𝑖 , 𝐶𝑤2𝑖+1, 2t )

Nr(ℊ𝑤2𝑖 , ℊ𝑤2𝑖+1, t )
)

+𝑐(N r(ℊ𝑤2𝑖 , 𝐵𝑤2𝑖 , t ) +  N r(ℊ𝑤2𝑖+1, 𝐶𝑤2𝑖+1, t )) }
 
 

 
 

 

=

{
 
 

 
 𝑎(N r(ℊ𝑤2𝑖 , ℊ𝑤2𝑖+1, t ))

+𝑏 (
N r(ℊ𝑤2𝑖+1, ℊ𝑤2𝑖+1, 2t ). N r(ℊ𝑤2𝑖 , ℊ𝑤2𝑖+2, 2t )

N r(ℊ𝑤2𝑖 , ℊ𝑤2𝑖+1, t )
)

+𝑐(N r(ℊ𝑤2𝑖 , ℊ𝑤2𝑖+1, t ) +  N r(ℊ𝑤2𝑖+1, ℊ𝑤2𝑖+2, t )) }
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                       = {

𝑎(N r(ℓ𝑤2𝑖 , ℓ𝑤2𝑖+1, t ))

+𝑏 (
N r(ℓ𝑤2𝑖,ℓ𝑤2𝑖+2,2t )

N r(ℓ𝑤2𝑖,ℓ𝑤2𝑖+1,t )N r(ℓ𝑤2𝑖,ℓ𝑤2𝑖+2,2t )
)

+𝑐(𝑁r(ℓ𝑤2𝑖 , 𝑙𝑤2𝑖+1, t ) + 𝑁 r(ℓ𝑤2𝑖+1, 𝑙𝑤2𝑖+2, t ))

}  

R r(ℊ𝜑2𝑖+1, ℊ𝜑2𝑖+2, t ) =  R r(𝐴𝜑2𝑖 , B𝜑2𝑖+1, t ) 

≥

{
 
 

 
 𝑎(𝑅 r(ℊ𝑤2𝑖 , ℊ𝑤2𝑖+1, t ))

+𝑏 (
𝑅 r(ℊ𝑤2𝑖+1, 𝐵𝑤2𝑖 , 2t ). R r(ℊ𝑤2𝑖 , 𝐶𝑤2𝑖+1, 2t )

Rr(ℊ𝑤2𝑖 , ℊ𝑤2𝑖+1, t )
)

+𝑐(R r(ℊ𝑤2𝑖 , 𝐵𝑤2𝑖 , t ) + 𝑅 r(ℊ𝑤2𝑖+1, 𝐶𝑤2𝑖+1, t )) }
 
 

 
 

 

=

{
 
 

 
 𝑎(R r(ℊ𝑤2𝑖 , ℊ𝑤2𝑖+1, t ))

+𝑏 (
R r(ℊ𝑤2𝑖+1, ℊ𝑤2𝑖+1, 2t ). R r(ℊ𝑤2𝑖 , ℊ𝑤2𝑖+2, 2t )

R r(ℊ𝑤2𝑖 , ℊ𝑤2𝑖+1, t )
)

+𝑐(R r(ℊ𝑤2𝑖 , ℊ𝑤2𝑖+1, t ) +  R r(ℊ𝑤2𝑖+1, ℊ𝑤2𝑖+2, t )) }
 
 

 
 

 

    = {

𝑎(R r(ℓ𝑤2𝑖 , ℓ𝑤2𝑖+1, t ))

+𝑏 (
R r(ℓ𝑤2𝑖,ℓ𝑤2𝑖+2,2t )

R r(ℓ𝑤2𝑖,ℓ𝑤2𝑖+1,t )R r(ℓ𝑤2𝑖,ℓ𝑤2𝑖+2,2t )
)

+𝑐(Rr(ℓ𝑤2𝑖 , 𝑙𝑤2𝑖+1, t ) +  R r(ℓ𝑤2𝑖+1, 𝑙𝑤2𝑖+2, t ))

}                                    8 

From, Definition 2.2 (iv, ix, xiv),   

M r(ℓ𝑤2𝑖 , 𝑙𝑤2𝑖+2, 2t ) ≥ 𝑀 r(ℓ𝑤2𝑖 , 𝑙𝑤2𝑖+1, t ) ∗  𝑀 r(ℓ𝑤2𝑖+1, 𝑙𝑤2𝑖+2, t ) for  t > 0 

1

M r(ℓ𝑤2𝑖+1,𝑙𝑤2𝑖+2,t )
− 1 ≥

{
  
 

  
 𝑎 (

1

𝑀 r(ℓ𝑤2𝑖,𝑙𝑤2𝑖+1,t )
− 1 )

+𝑏(
1

M r(ℓ𝑤2𝑖,𝑙𝑤2𝑖+1,t ).M r(ℓ𝑤2𝑖+1,𝑙𝑤2𝑖+2,t )

𝑀 r(ℓ𝑤2𝑖,𝑙𝑤2𝑖+1,t )

− 1)

+𝑐 (
1

M r(ℓ𝑤2𝑖,𝑙𝑤2𝑖+1,t )
− 1 +

1

M r(ℓ𝑤2𝑖+1,𝑙𝑤2𝑖+2,t )
− 1 )}

  
 

  
 

  

                    = {
𝑎 (

1

M r(ℓ𝑤2𝑖,𝑙𝑤2𝑖+1,t )
− 1) + 𝑏 (

1

M r(ℓ𝑤2𝑖+1,𝑙𝑤2𝑖+2,t )
− 1)

+𝑐 (
1

M r(ℓ𝑤2𝑖,𝑙𝑤2𝑖+1,t )
− 1 +

1

M r(ℓ𝑤2𝑖+1,𝑙𝑤2𝑖+2,t )
− 1 )

}  

                    = (𝑎 + 𝑐) (
1

M r(ℓ𝑤2𝑖,𝑙𝑤2𝑖+1,t )
− 1) + (𝑏 + 𝑐) (

1

M r(ℓ𝑤2𝑖+1,𝑙𝑤2𝑖+2,t )
− 1 ) 

N r(ℓ𝑤2𝑖 , 𝑙𝑤2𝑖+2, 2t ) ≤ N r(ℓ𝑤2𝑖 , 𝑙𝑤2𝑖+1, t )⨁ N r(ℓ𝑤2𝑖+1, 𝑙𝑤2𝑖+2, t ) for  t > 0 

𝑁 r(ℓ𝑤2𝑖+1, 𝑙𝑤2𝑖+2, t ) ≤

{
 

 
𝑎(N r(ℓ𝑤2𝑖 , 𝑙𝑤2𝑖+1, t ))

+𝑏 (
N r(ℓ𝑤2𝑖,𝑙𝑤2𝑖+1,t ).𝑁 r(ℓ𝑤2𝑖+1,𝑙𝑤2𝑖+2,t )

𝑁 r(ℓ𝑤2𝑖,𝑙𝑤2𝑖+1,t )
)

+𝑐(N r(ℓ𝑤2𝑖 , 𝑙𝑤2𝑖+1, t ) + 𝑁 r(ℓ𝑤2𝑖+1, 𝑙𝑤2𝑖+2, t ))}
 

 

  

                                  = {
𝑎(N r(ℓ𝑤2𝑖 , 𝑙𝑤2𝑖+1, t )) + 𝑏(N r(ℓ𝑤2𝑖+1, 𝑙𝑤2𝑖+2, t ))

+𝑐(N r(ℓ𝑤2𝑖 , 𝑙𝑤2𝑖+1, t ) + N r(ℓ𝑤2𝑖+1, 𝑙𝑤2𝑖+2, t ))
}  

                         = (𝑎 + 𝑐)(𝑁 r(ℓ𝑤2𝑖 , 𝑙𝑤2𝑖+1, t )) + (𝑏 + 𝑐)(N r(ℓ𝑤2𝑖+1, 𝑙𝑤2𝑖+2, t )) 

R r(ℓ𝑤2𝑖 , 𝑙𝑤2𝑖+2, 2t ) ≤ R r(ℓ𝑤2𝑖 , 𝑙𝑤2𝑖+1, t ) ⊙ 𝑅 r(ℓ𝑤2𝑖+1, 𝑙𝑤2𝑖+2, t ) for  t > 0 

R r(ℓ𝑤2𝑖+1, 𝑙𝑤2𝑖+2, t ) ≤

{
 

 
𝑎(R r(ℓ𝑤2𝑖 , 𝑙𝑤2𝑖+1, t ))

+𝑏 (
R r(ℓ𝑤2𝑖,𝑙𝑤2𝑖+1,t ).R r(ℓ𝑤2𝑖+1,𝑙𝑤2𝑖+2,t )

R r(ℓ𝑤2𝑖,𝑙𝑤2𝑖+1,t )
)

+𝑐(R r(ℓ𝑤2𝑖 , 𝑙𝑤2𝑖+1, t ) + R r(ℓ𝑤2𝑖+1, 𝑙𝑤2𝑖+2, t ))}
 

 

  

= {
𝑎(R r(ℓ𝑤2𝑖 , 𝑙𝑤2𝑖+1, t )) + 𝑏(R r(ℓ𝑤2𝑖+1, 𝑙𝑤2𝑖+2, t ))

+𝑐(R r(ℓ𝑤2𝑖 , 𝑙𝑤2𝑖+1, t ) + R r(ℓ𝑤2𝑖+1, 𝑙𝑤2𝑖+2, t ))
} 

                   = (𝑎 + 𝑐)(𝑅 r(ℓ𝑤2𝑖 , 𝑙𝑤2𝑖+1, t )) + (𝑏 + 𝑐)(R r(ℓ𝑤2𝑖+1, 𝑙𝑤2𝑖+2, t )) 3.9 

After simplification, we obtain 

M r(ℓ𝑤2𝑖+1, 𝑙𝑤2𝑖+2, t ) ≥ 𝑌(M r(ℓ𝑤2𝑖 , 𝑙𝑤2𝑖+1, t )), 𝑓𝑜𝑟 𝑡 > 0,      

N r(ℓ𝑤2𝑖+1, 𝑙𝑤2𝑖+2, t ) ≤ 𝑌(N r(ℓ𝑤2𝑖 , 𝑙𝑤2𝑖+1, t )), 𝑓𝑜𝑟 𝑡 > 0,      

R r(ℓ𝑤2𝑖+1, 𝑙𝑤2𝑖+2, t ) ≤ 𝑌(R r(ℓ𝑤2𝑖 , 𝑙𝑤2𝑖+1, t )), 𝑓𝑜𝑟 𝑡 > 0,             10 

where 𝑌 =
𝑎 + 𝑐

(1 −𝑏–𝑐)
< 1. 

Similarly, from (6), for  𝑡 > 0,  

Mr(ℓ𝑤2𝑖+2, 𝑙𝑤2𝑖+3, t ) = Mr(𝐴𝑤2𝑖+2B𝑙𝑤2𝑖+1, t ) 
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≤

{
  
 

  
 𝑎 (

1

Mr(ℓ𝑤2𝑖+2, 𝑙𝑤2𝑖+1, t )
− 1)

+𝑏 (
Mr(ℓ𝑤2𝑖+1, 𝐴𝑤2𝑖+22, t ). Mr(ℓ𝑤2𝑖+2, 𝐵𝑤2𝑖+1, t )

Mr(ℓ𝑤2𝑖+2, 𝑙𝑤2𝑖+1, t )
− 1)

+𝑐 (
1

Mr(ℓ𝑤2𝑖+2, 𝐴𝑤2𝑖+2, t )
− 1 +

1

Mr(ℓ𝑤2𝑖+1, 𝐵𝑤2𝑖+1, t )
− 1)

}
  
 

  
 

 

=

{
 
 

 
 𝑎 (

1

Mr(ℓ𝑤2𝑖+2, 𝑙𝑤2𝑖+1, t )
− 1) + 𝑏

Mr(ℓ𝑤2𝑖+2, 𝑙𝑤2𝑖+1, t )

Mr(ℓ𝑤2𝑖+2, 𝑙𝑤2𝑖+3, t )
− 1 +

𝑐 (
1

Mr(ℓ𝑤2𝑖+2, 𝑙𝑤2𝑖+3, t )
− 1 +

1

Mr(ℓ𝑤2𝑖+1, 𝑙𝑤2𝑖+2, t )
− 1)

}
 
 

 
 

 

Nr(ℓ𝑤2𝑖+2, 𝑙𝑤2𝑖+3, t ) = Nr(𝐴𝑤2𝑖+2B𝑙𝑤2𝑖+1, t )  

≤

{
 
 

 
 

𝑎(Nr(ℓ𝑤2𝑖+2, 𝑙𝑤2𝑖+1, t ))

+𝑏 (
Nr(ℓ𝑤2𝑖+1, 𝐴𝑤2𝑖+22, t ). Nr(ℓ𝑤2𝑖+2, 𝐵𝑤2𝑖+1, t )

Nr(ℓ𝑤2𝑖+2, 𝑙𝑤2𝑖+1, t )
)

+𝑐(Nr(ℓ𝑤2𝑖+2, 𝐴𝑤2𝑖+2, t ) + Nr(ℓ𝑤2𝑖+1, 𝐵𝑤2𝑖+1, t ))}
 
 

 
 

 

=

{
 
 

 
 

𝑎(Nr(ℓ𝑤2𝑖+2, 𝑙𝑤2𝑖+1, t ))

+𝑏 (
Nr(ℓ𝑤2𝑖+1, 𝑙𝑤2𝑖+32, t ). 𝑁r(ℓ𝑤2𝑖+2, 𝑙𝑤2𝑖+2, 2t )

Nr(ℓ𝑤2𝑖+2, 𝑙𝑤2𝑖+1, t )
)

+𝑐(𝑁r(ℓ𝑤2𝑖+2, 𝑙𝑤2𝑖+3, t ) + 𝑁r(ℓ𝑤2𝑖+1, 𝑙𝑤2𝑖+2, t )) }
 
 

 
 

 

                        = {
𝑎(𝑁r(ℓ𝑤2𝑖+2, 𝑙𝑤2𝑖+1, t )) + 𝑏 (

𝑁r(ℓ𝑤2𝑖+2,𝑙𝑤2𝑖+1,t )

Nr(ℓ𝑤2𝑖+2,𝑙𝑤2𝑖+3,t )
)

𝑐(𝑁r(ℓ𝑤2𝑖+2, 𝑙𝑤2𝑖+3, t ) + Nr(ℓ𝑤2𝑖+1, 𝑙𝑤2𝑖+2, t ))
}   

Rr(ℓ𝑤2𝑖+2, 𝑙𝑤2𝑖+3, t ) = Rr(𝐴𝑤2𝑖+2B𝑙𝑤2𝑖+1, t ) 

≤

{
 
 

 
 

𝑎(Rr(ℓ𝑤2𝑖+2, 𝑙𝑤2𝑖+1, t ))

+𝑏 (
Rr(ℓ𝑤2𝑖+1, 𝐴𝑤2𝑖+22, t ). Rr(ℓ𝑤2𝑖+2, 𝐵𝑤2𝑖+1, t )

Rr(ℓ𝑤2𝑖+2, 𝑙𝑤2𝑖+1, t )
)

+𝑐(Rr(ℓ𝑤2𝑖+2, 𝐴𝑤2𝑖+2, t ) + Rr(ℓ𝑤2𝑖+1, 𝐵𝑤2𝑖+1, t ))}
 
 

 
 

 

=

{
 
 

 
 

𝑎(Rr(ℓ𝑤2𝑖+2, 𝑙𝑤2𝑖+1, t ))

+𝑏 (
Rr(ℓ𝑤2𝑖+1, 𝑙𝑤2𝑖+32, t ). Rr(ℓ𝑤2𝑖+2, 𝑙𝑤2𝑖+2, 2t )

Rr(ℓ𝑤2𝑖+2, 𝑙𝑤2𝑖+1, t )
)

+𝑐(Rr(ℓ𝑤2𝑖+2, 𝑙𝑤2𝑖+3, t ) + Rr(ℓ𝑤2𝑖+1, 𝑙𝑤2𝑖+2, t )) }
 
 

 
 

 

                        = {
𝑎(Rr(ℓ𝑤2𝑖+2, 𝑙𝑤2𝑖+1, t )) + 𝑏 (

Mr(ℓ𝑤2𝑖+2,𝑙𝑤2𝑖+1,t )

Mr(ℓ𝑤2𝑖+2,𝑙𝑤2𝑖+3,t )
)

+𝑐(Rr(ℓ𝑤2𝑖+2, 𝑙𝑤2𝑖+3, t ) + Rr(ℓ𝑤2𝑖+1, 𝑙𝑤2𝑖+2, t ))
}        11 

From, Definition 2.2 (iv, ix, xiv),   
1

Mr(ℓ𝑤2𝑖+1,𝑙𝑤2𝑖+3,2t )
− 1 ≥ (

1

Mr(ℓ𝑤2𝑖+1,𝑙𝑤2𝑖+2,t )
− 1) ∗ (

1

Mr(ℓ𝑤2𝑖+2,𝑙𝑤2𝑖+3,t )
− 1)  

1

Mr(ℓ𝑤2𝑖+2,𝑙𝑤2𝑖+3,t )
− 1          ≤

{
  
 

  
 𝑎 (

1

Mr(ℓ𝑤2𝑖+2,𝑙𝑤2𝑖+1,t )
− 1 )

+𝑏 (
(

1

Mr(ℓ𝑤2𝑖+1,𝑙𝑤2𝑖+2,t )
−1).(

1

Mr(ℓ𝑤2𝑖+2,𝑙𝑤2𝑖+3,t )
−1)

(
1

Mr(ℓ𝑤2𝑖+2,𝑙𝑤2𝑖+1,t )
−1)

) +

𝑐 (
1

Mr(ℓ𝑤2𝑖+2,𝑙𝑤2𝑖+3,t )
− 1 +

1

Mr(ℓ𝑤2𝑖+1,𝑙𝑤2𝑖+2,t )
− 1)}

  
 

  
 

  

                  = {
𝑎 (

1

Mr(ℓ𝑤2𝑖+2,𝑙𝑤2𝑖+1,t )
− 1) + 𝑏 (

1

Mr(ℓ𝑤2𝑖+2,𝑙𝑤2𝑖+3,t )
− 1 )

+𝑐(Mr(ℓ𝑤2𝑖+2, 𝑙𝑤2𝑖+3, t ) + Mr(ℓ𝑤2𝑖+1, 𝑙𝑤2𝑖+2, t ))
} 

  = (𝑎 + 𝑐) (
1

Mr(ℓ𝑤2𝑖+1,𝑙𝑤2𝑖+2,t )
− 1 ) + (𝑏 + 𝑐) (

1

Mr(ℓ𝑤2𝑖+2,𝑙𝑤2𝑖+3,t )
− 1 ) 

𝑁r(ℓ𝑤2𝑖+1, 𝑙𝑤2𝑖+3, 2t ) ≤ Nr(ℓ𝑤2𝑖+1, 𝑙𝑤2𝑖+2, t )⨁ Nr(ℓ𝑤2𝑖+2, 𝑙𝑤2𝑖+3, t ) for  t > 0  

Nr(ℓ𝑤2𝑖+2, 𝑙𝑤2𝑖+3, t ) ≤

{
 
 

 
 

𝑎(Nr(ℓ𝑤2𝑖+2, 𝑙𝑤2𝑖+1, t ))

+𝑏 (
Nr(ℓ𝑤2𝑖+1, 𝑙𝑤2𝑖+2, t ). Nr(ℓ𝑤2𝑖+2, 𝑙𝑤2𝑖+3, t )

Nr(ℓ𝑤2𝑖+2, 𝑙𝑤2𝑖+1, t )
) +

𝑐(Nr(ℓ𝑤2𝑖+2, 𝑙𝑤2𝑖+3, t ) + Nr(ℓ𝑤2𝑖+1, 𝑙𝑤2𝑖+2, t )) }
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=  {
𝑎(Nr(ℓ𝑤2𝑖+2, 𝑙𝑤2𝑖+1, t )) + 𝑏(Nr(ℓ𝑤2𝑖+2, 𝑙𝑤2𝑖+3, t ))

+𝑐(Nr(ℓ𝑤2𝑖+2, 𝑙𝑤2𝑖+3, t ) + Nr(ℓ𝑤2𝑖+1, 𝑙𝑤2𝑖+2, t ))
} 

  = (𝑎 + 𝑐)(Nr(ℓ𝑤2𝑖+1, 𝑙𝑤2𝑖+2, t )) + (𝑏 + 𝑐)(Nr(ℓ𝑤2𝑖+2, 𝑙𝑤2𝑖+3, t )) 

Rr(ℓ𝑤2𝑖+1, 𝑙𝑤2𝑖+3, 2t ) ≤ Rr(ℓ𝑤2𝑖+1, 𝑙𝑤2𝑖+2, t ) ⊙ Rr(ℓ𝑤2𝑖+2, 𝑙𝑤2𝑖+3, t ) for t > 0  

Rr(ℓ𝑤2𝑖+2, 𝑙𝑤2𝑖+3, t ) ≤

{
 
 

 
 

𝑎(𝑅r(ℓ𝑤2𝑖+2, 𝑙𝑤2𝑖+1, t ))

+𝑏 (
Rr(ℓ𝑤2𝑖+1, 𝑙𝑤2𝑖+2, t ). 𝑅r(ℓ𝑤2𝑖+2, 𝑙𝑤2𝑖+3, t )

Rr(ℓ𝑤2𝑖+2, 𝑙𝑤2𝑖+1, t )
) +

𝑐(Rr(ℓ𝑤2𝑖+2, 𝑙𝑤2𝑖+3, t ) + Rr(ℓ𝑤2𝑖+1, 𝑙𝑤2𝑖+2, t )) }
 
 

 
 

 

 = {
𝑎(Rr(ℓ𝑤2𝑖+2, 𝑙𝑤2𝑖+1, t )) + 𝑏(Rr(ℓ𝑤2𝑖+2, 𝑙𝑤2𝑖+3, t ))

+𝑐(Rr(ℓ𝑤2𝑖+2, 𝑙𝑤2𝑖+3, t ) + Rr(ℓ𝑤2𝑖+1, 𝑙𝑤2𝑖+2, t ))
} 

       = (𝑎 + 𝑐)(Rr(ℓ𝑤2𝑖+1, 𝑙𝑤2𝑖+2, t )) + (𝑏 + 𝑐)(Rr(ℓ𝑤2𝑖+2, 𝑙𝑤2𝑖+3, t ))          12 

After simplification, we obtain,  

      
1

Mr(ℓ𝑤2𝑖+2,𝑙𝑤2𝑖+3,t )
− 1 ≤ 𝑌 (

1

Mr(ℓ𝑤2𝑖+1,𝑙𝑤2𝑖+2,t )
− 1 ) 𝑓𝑜𝑟 𝑡 > 0,  

      Nr(ℓ𝑤2𝑖+2, 𝑙𝑤2𝑖+3, t ) ≤ 𝑌(Nr(ℓ𝑤2𝑖+1, 𝑙𝑤2𝑖+2, t )) 𝑓𝑜𝑟 𝑡 > 0,  

Rr(ℓ𝑤2𝑖+2, 𝑙𝑤2𝑖+3, t ) ≤ 𝑌(Rr(ℓ𝑤2𝑖+1, 𝑙𝑤2𝑖+2, t )) 𝑓𝑜𝑟 𝑡 > 0,             13                                                                               

Where Y value is same as in (10). From  (10), (13), and by induction. 
1

Mr(ℓ𝑤2𝑖+2, 𝑙𝑤2𝑖+3, t )
− 1 ≤ 𝑌 (

1

Mr(ℓ𝑤2𝑖+1, 𝑙𝑤2𝑖+2, t )
− 1) ≤  𝑌2 (

1

Mr(ℓ𝑤2𝑖 , 𝑙𝑤2𝑖+1, t )
− 1) 

≤ ⋯ ≤ 𝑌2𝑖+2(Mr(ℓ𝑤0, 𝑙𝑤1, t )) → 1 𝑎𝑠 𝑖 → ∞.          

Nr(ℓ𝑤2𝑖+2, 𝑙𝑤2𝑖+3, t ) ≤ 𝑌(𝑁r(ℓ𝑤2𝑖+1, 𝑙𝑤2𝑖+2, t )) ≤  𝑌
2(Nr(ℓ𝑤2𝑖 , 𝑙𝑤2𝑖+1, t )) 

                       ≤ ⋯ ≤ 𝑌2𝑖+2(Nr(ℓ𝑤0, 𝑙𝑤1, t )) → 0 𝑎𝑠 𝑖 → ∞. 

𝑅r(ℓ𝑤2𝑖+2, 𝑙𝑤2𝑖+3, t ) ≤ 𝑌(𝑅r(ℓ𝑤2𝑖+1, 𝑙𝑤2𝑖+2, t )) ≤  𝑌
2(𝑅r(ℓ𝑤2𝑖 , 𝑙𝑤2𝑖+1, t )) 

                      ≤ ⋯ ≤ 𝑌2𝑖+2(𝑅r(ℓ𝑤0, 𝑙𝑤1, t )) → 0 𝑎𝑠 𝑖 → ∞.                         14 

Hence, (𝑙𝑤𝑖)𝑖≥0 is a NC-sequence in(ℌ,Mr, 𝑁r, 𝑅r,∗,⨁,⊙), therefore, 

lim 𝑀𝑟
𝑖→∞

(𝑙𝑤𝑖 , (𝑙𝑤𝑖−1, 𝑡)) = 1 𝑓𝑜𝑟 𝑡 > 0,  

lim 𝑁𝑟
𝑖→∞

(𝑙𝑤𝑖 , (𝑙𝑤𝑖−1, 𝑡)) = 0 𝑓𝑜𝑟 𝑡 > 0.  

lim 𝑅𝑟
𝑖→∞

(𝑙𝑤𝑖 , (𝑙𝑤𝑖−1, 𝑡)) = 0 𝑓𝑜𝑟 𝑡 > 0                   15 

Since (𝑀𝑟 , 𝑁𝑟 , 𝑅𝑟) is triangular, 𝑗 > 𝑖 > 𝑖0, 

𝑀𝑟 (𝑙𝑤𝑖 , (𝑙𝑤𝑗 , 𝑡)) ≤ {
(𝑀𝑟(𝑙𝑤𝑖 , (𝑙𝑤𝑖+1, 𝑡))) + (𝑀𝑟(𝑙𝑤𝑖+1, (𝑙𝑤𝑖+2, 𝑡)))

+⋯+ (𝑀𝑟 (𝑙𝑤𝑖−1, (𝑙𝑤𝑗 , 𝑡)))
} 

                        ≤ (𝑌𝑖 + 𝑌𝑖+1 +⋯+ 𝑌𝑗−1) .(𝑀𝑟(𝑙𝑤𝑜, 𝑙𝑤1, 𝑡)) 

                       ≤ (
𝑌𝑖

1−𝑌
) (𝑀𝑟(𝑙𝑤𝑜, 𝑙𝑤1, 𝑡)) → 0, 𝑎𝑠 𝑖 → ∞. 

𝑁𝑟 (𝑙𝑤𝑖 , (𝑙𝑤𝑗 , 𝑡)) ≤ {
(𝑁𝑟(𝑙𝑤𝑖 , (𝑙𝑤𝑖+1, 𝑡))) + (𝑁𝑟(𝑙𝑤𝑖+1, (𝑙𝑤𝑖+2, 𝑡)))

+⋯+ (𝑁𝑟 (𝑙𝑤𝑖−1, (𝑙𝑤𝑗 , 𝑡)))
} 

                             ≤ {
𝑌𝑖(𝑀𝑟(𝑙𝑤𝑖 , (𝑙𝑤𝑖+1, 𝑡))) + 𝑌

𝑖+1(𝑁𝑟(𝑙𝑤𝑖+1, (𝑙𝑤𝑖+2, 𝑡)))

+⋯+ 𝑌𝑗−1 (𝑁𝑟 (𝑙𝑤𝑖−1, (𝑙𝑤𝑗 , 𝑡)))
}  

                            ≤ (𝑌𝑖 + 𝑌𝑖+1 +⋯+ 𝑌𝑗−1) .(𝑁𝑟(𝑙𝑤𝑜 , 𝑙𝑤1, 𝑡)) 

            ≤ (
𝑌𝑖

1−𝑌
) (𝑁𝑟(𝑙𝑤𝑜 , 𝑙𝑤1, 𝑡)) → 0, 𝑎𝑠 𝑖 → ∞.   

𝑅𝑟 (𝑙𝑤𝑖 , (𝑙𝑤𝑗 , 𝑡)) ≤ {
(𝑅𝑟(𝑙𝑤𝑖 , (𝑙𝑤𝑖+1, 𝑡))) + (𝑅𝑟(𝑙𝑤𝑖+1, (𝑙𝑤𝑖+2, 𝑡)))

+⋯+ (𝑅𝑟 (𝑙𝑤𝑖−1, (𝑙𝑤𝑗 , 𝑡)))
} 

≤ {
𝑌𝑖(𝑅𝑟(𝑙𝑤𝑖 , (𝑙𝑤𝑖+1, 𝑡))) + 𝑌

𝑖+1(𝑅𝑟(𝑙𝑤𝑖+1, (𝑙𝑤𝑖+2, 𝑡)))

+⋯+ 𝑌𝑗−1 (𝑅𝑟 (𝑙𝑤𝑖−1, (𝑙𝑤𝑗 , 𝑡)))
} 

                         ≤ (𝑌𝑖 + 𝑌𝑖+1 +⋯+ 𝑌𝑗−1) .(𝑅𝑟(𝑙𝑤𝑜 , 𝑙𝑤1, 𝑡)) 

                       ≤ (
𝑌𝑖

1−𝑌
) (𝑅𝑟(𝑙𝑤𝑜 , 𝑙𝑤1, 𝑡)) → 0, 𝑎𝑠 𝑖 → ∞.                 16 

This shows that (𝑙𝑤𝑖)  is a C-S, and  𝑙(𝑤)  is a complete subspace of 𝑊 . Hence, ∃ 𝑢, 𝑣 ∈ 𝑊  such that ℓ𝑤𝑖 ⟶ 𝑢 =
 ℓ𝑣 𝑎𝑠 𝑖 ⟶ ∞, 𝑖. 𝑒., 
lim
𝑖→∞

𝑀𝑟 (𝑢, 𝑙𝑤𝑖 , 𝑡) = 𝑀𝑟(𝑢, 𝑙𝑣, 𝑡) = 1 𝑓𝑜𝑟 𝑡 > 0, 



 

120                                                        JNAO Vol. 14, Issue. 2, No. 4: 2023 

lim
𝑖→∞

𝑁𝑟 (𝑢, 𝑙𝑤𝑖 , 𝑡) = 𝑁𝑟(𝑢, 𝑙𝑣, 𝑡) = 0 𝑓𝑜𝑟 𝑡 > 0,  

lim
𝑖→∞

𝑅𝑟 (𝑢, 𝑙𝑤𝑖 , 𝑡) = 𝑅𝑟(𝑢, 𝑙𝑣, 𝑡) = 0 𝑓𝑜𝑟 𝑡 > 0.               17 

Since  (𝑀𝑟 , 𝑁𝑟 , 𝑅𝑟) is triangular, 

𝑀𝑟(𝑙𝑣, 𝐴𝑣, 𝑡) ≤ (𝑀𝑟(𝑙𝑣, 𝑙𝑤2𝑖+2, 𝑡))+(𝑀𝑟(𝑙𝑤2𝑖+2, 𝐴𝑣, 𝑡)) 𝑓𝑜𝑟 𝑡 > 0, 

𝑁𝑟(𝑙𝑣, 𝐴𝑣, 𝑡) ≤ (𝑁𝑟(𝑙𝑣, 𝑙𝑤2𝑖+2, 𝑡))+(𝑁𝑟(𝑙𝑤2𝑖+2, 𝐴𝑣, 𝑡)) 𝑓𝑜𝑟 𝑡 > 0,               

𝑅𝑟(𝑙𝑣, 𝐴𝑣, 𝑡) ≤ (𝑅𝑟(𝑙𝑣, 𝑙𝑤2𝑖+2, 𝑡))+(𝑅𝑟(𝑙𝑤2𝑖+2, 𝐴𝑣, 𝑡)) 𝑓𝑜𝑟 𝑡 > 0.         18 

Now get (6), (15), (17), and from, Definition 2.2 (iv, ix, xiv),  for 𝑡 > 0, 
1

𝑀𝑟(𝑙𝑤2𝑖+2, 𝐴𝑣, 𝑡)
− 1 = (

1

𝑀𝑟(𝐴𝑣, 𝐵𝑤2𝑖+1, 𝑡)
− 1) 

    

           ≤

{
 
 

 
 𝑎 (

1

Mr(ℓ𝑣,𝑙𝑤2𝑖+1,t )
− 1 )

+𝑏 (
Mr(ℓ𝑤2𝑖+1,𝑙𝑣,t ).Mr(ℓ𝑣,𝐴𝑣,t ).Mr(ℓ𝑣,𝑙𝑤2𝑖+2,2t )

Mr(ℓ𝑣,𝑙𝑤2𝑖+1,t )
− 1)

 +𝑐 (
1

Mr(ℓ𝑣,Av,t )
− 1 +

1

Mr(ℓ𝑤2𝑖+1,𝑙𝑤2𝑖+2,t )
− 1 ) }

 
 

 
 

  

       → (𝑏 + 𝑐) (
1

Mr(ℓ𝑣,𝐴𝑣,t )
− 1 )  𝑎𝑠 𝑖 → ∞  

𝑁𝑟(𝑙𝑤2𝑖+2, 𝐴𝑣, 𝑡) = (𝑁𝑟(𝐴𝑣, 𝐵𝑤2𝑖+1, 𝑡)) 

      ≤ {
𝑎 (Nr(ℓ𝑣, 𝑙𝑤2𝑖+1, t )) + 𝑏 (

Nr(ℓ𝑤2𝑖+1,𝐴𝑣,2t ).Nr(ℓ𝑣,𝐵𝑤2𝑖+1,2t )

𝑁r(ℓ𝑣,𝑙𝑤2𝑖+1,t )
)

+𝑐(Nr(ℓ𝑣, Av, t ) + 𝑁r(ℓ𝑤2𝑖+1, 𝐵𝑤2𝑖+1, t ))
} 

           ≤

{
 

 
𝑎 (Nr(ℓ𝑣, 𝑙𝑤2𝑖+1, t ))

+𝑏 (
Nr(ℓ𝑤2𝑖+1,𝑙𝑣,t ).Nr(ℓ𝑣,𝐴𝑣,t ).Nr(ℓ𝑣,𝑙𝑤2𝑖+2,2t )

Nr(ℓ𝑣,𝑙𝑤2𝑖+1,t )
)

+𝑐(Nr(ℓ𝑣, Av, t ) + Nr(ℓ𝑤2𝑖+1, 𝑙𝑤2𝑖+2, t ))}
 

 

  

       → (𝑏 + 𝑐)(Nr(ℓ𝑣, 𝐴𝑣, t )) 𝑎𝑠 𝑖 → ∞  

𝑅𝑟(𝑙𝑤2𝑖+2, 𝐴𝑣, 𝑡) = (𝑅𝑟(𝐴𝑣, 𝐵𝑤2𝑖+1, 𝑡)) 
       

                ≤

{
 

 
𝑎 (Rr(ℓ𝑣, 𝑙𝑤2𝑖+1, t ))

+𝑏 (
Rr(ℓ𝑤2𝑖+1,𝑙𝑣,t ).Rr(ℓ𝑣,𝐴𝑣,t ).Rr(ℓ𝑣,𝑙𝑤2𝑖+2,2t )

Rr(ℓ𝑣,𝑙𝑤2𝑖+1,t )
)

+𝑐(Rr(ℓ𝑣, Av, t ) + Rr(ℓ𝑤2𝑖+1, 𝑙𝑤2𝑖+2, t ))}
 

 

  

            → (𝑏 + 𝑐)(Rr(ℓ𝑣, 𝐴𝑣, t )) 𝑎𝑠 𝑖 → ∞ .                      19 

Then, 

lim 
𝑖→∞

sup(Mr(ℓ𝑤2𝑖+2, 𝐴𝑣, t )) ≥ (𝑏 + 𝑐)(Mr(ℓ𝑣, 𝐴𝑣, t )) 𝑓𝑜𝑟 𝑡 > 0,  

lim 
𝑖→∞

inf(Mr(ℓ𝑤2𝑖+2, 𝐴𝑣, t )) ≤ (𝑏 + 𝑐)(Mr(ℓ𝑣, 𝐴𝑣, t )) 𝑓𝑜𝑟 𝑡 > 0 , 

lim 
𝑖→∞

inf(Rr(ℓ𝑤2𝑖+2, 𝐴𝑣, t )) ≤ (𝑏 + 𝑐)(Rr(ℓ𝑣, 𝐴𝑣, t )) 𝑓𝑜𝑟 𝑡 > 0,               20    

From (17), (18), and (20), we get 
1

Mr(ℓ𝑣,𝐴𝑣,t )
− 1 ≥ (𝑏 + 𝑐) (

1

Mr(ℓ𝑣,𝐴𝑣,t )
− 1)  𝑓𝑜𝑟 𝑡 > 0,  

Nr(ℓ𝑣, 𝐴𝑣, t ) ≤ (𝑏 + 𝑐)(Nr(ℓ𝑣, 𝐴𝑣, t )) 𝑓𝑜𝑟 𝑡 > 0,  

Rr(ℓ𝑣, 𝐴𝑣, t ) ≤ (𝑏 + 𝑐)(Rr(ℓ𝑣, 𝐴𝑣, t )) 𝑓𝑜𝑟 𝑡 > 0.            21 

Note that (𝑏 + 𝑐) < 1, where (𝑎 + 𝑏 + 2𝑐) < 1, therefore,  
1

Mr(ℓ𝑣,𝐴𝑣,t )
− 1 =

1

Mr(𝑢,𝐴𝑣,t )
− 1 = 1 ⇒ 𝑢 = lv = Av, for 𝑡 > 0.   

Nr(ℓ𝑣, 𝐴𝑣, t ) = Nr(𝑢, 𝐴𝑣, t ) = 0 ⇒ 𝑢 = lv = Av, for 𝑡 > 0. 
Rr(ℓ𝑣, 𝐴𝑣, t ) = 𝑅r(𝑢, 𝐴𝑣, t ) = 0 ⇒ 𝑢 = lv = Av, for 𝑡 > 0. 

Next, prove that 𝑢 =  ℓ𝑣 =  𝐵𝑣. Since, (𝑀𝑟 , 𝑁𝑟 , 𝑅𝑟) is triangular. 
1

𝑀𝑟(𝑙𝑣,𝐵𝑣,𝑡)
− 1 =

1

𝑀𝑟(𝑙𝑣,𝑙𝑤2𝑖+1,𝑡)
− 1 +

1

𝑀𝑟(𝑙𝑤2𝑖+1,𝐵𝑣,𝑡)
− 1      𝑓𝑜𝑟 𝑡 > 0,  

𝑁𝑟(𝑙𝑣, 𝐵𝑣, 𝑡) = 𝑁𝑟(𝑙𝑣, 𝑙𝑤2𝑖+1, 𝑡) + 𝑁𝑟(𝑙𝑤2𝑖+1, 𝐵𝑣, 𝑡)      𝑓𝑜𝑟 𝑡 > 0,  

𝑅𝑟(𝑙𝑣, 𝐵𝑣, 𝑡) = 𝑅𝑟(𝑙𝑣, 𝑙𝑤2𝑖+1, 𝑡) + 𝑅𝑟(𝑙𝑤2𝑖+1, 𝐵𝑣, 𝑡)      𝑓𝑜𝑟 𝑡 > 0.            22 

Now, again from (6), (15), (17), and from, Definition 2.2 (iv, ix, xiv),  for 𝑡 > 0, 

(𝑀𝑟(𝑙𝑤2𝑖+1, 𝐵𝑣, 𝑡)) = (𝑀𝑟(𝐴𝑤2𝑖 , 𝐵𝑣, 𝑡)) 

            ≤ {
𝑎 (Mr(𝑙𝑤2𝑖 , 𝑙𝑣, t )) + 𝑏 (

Mr(ℓ𝑣,𝑙𝑤2𝑖+1,2t ).Mr(𝑙𝑤2𝑖,𝑙𝑣,t ).Mr(𝑙𝑣,𝐵𝑣,t )

Mr(𝑙𝑤2𝑖,𝑙𝑣,t )
)

+𝑐(Mr(𝑙𝑤2𝑖 , 𝑙𝑤2𝑖+1, t ) + Mr(ℓ𝑣, 𝐵𝑣, t ))
}   
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(𝑁𝑟(𝑙𝑤2𝑖+1, 𝐵𝑣, 𝑡)) = (𝑁𝑟(𝐴𝑤2𝑖 , 𝐵𝑣, 𝑡)) 

≤ {
𝑎 (Nr(𝑙𝑤2𝑖 , 𝑙𝑣, t )) + 𝑏 (

Nr(ℓ𝑣, 𝐴𝑤2𝑖 , 2t ). 𝑁r(𝑙𝑤2𝑖 , 𝐵𝑣, 2t )

Nr(𝑙𝑤2𝑖 , 𝑙𝑣, t )
)

+𝑐(Nr(𝑙𝑤2𝑖 , 𝐴𝑤2𝑖 , t ) + Nr(ℓ𝑣, 𝐵𝑣, t ))

} 

           ≤ {
𝑎 (Nr(𝑙𝑤2𝑖 , 𝑙𝑣, t )) + 𝑏 (

Nr(ℓ𝑣,𝑙𝑤2𝑖+1,2t ).Nr(𝑙𝑤2𝑖,𝑙𝑣,t ).Nr(𝑙𝑣,𝐵𝑣,t )

Nr(𝑙𝑤2𝑖,𝑙𝑣,t )
)

+𝑐(Nr(𝑙𝑤2𝑖 , 𝑙𝑤2𝑖+1, t ) + Nr(ℓ𝑣, 𝐵𝑣, t ))
}  

(𝑅𝑟(𝑙𝑤2𝑖+1, 𝐵𝑣, 𝑡)) = (𝑅𝑟(𝐴𝑤2𝑖 , 𝐵𝑣, 𝑡)) 

         ≤ {
𝑎 (Mr(𝑙𝑤2𝑖 , 𝑙𝑣, t )) + 𝑏 (

Mr(ℓ𝑣,𝑙𝑤2𝑖+1,2t ).Mr(𝑙𝑤2𝑖,𝑙𝑣,t ).Mr(𝑙𝑣,𝐵𝑣,t )

Mr(𝑙𝑤2𝑖,𝑙𝑣,t )
)

+𝑐(Mr(𝑙𝑤2𝑖 , 𝑙𝑤2𝑖+1, t ) + Mr(ℓ𝑣, 𝐵𝑣, t ))
}        23 

Then,  

lim
𝑖→∞

sup(Mr(ℓ𝑤2𝑖+1, 𝐵𝑣, t )) ≤ (𝑏 + 𝑐)(Mr(ℓ𝑣, 𝐴𝑣, t )) , 

lim
𝑖→∞

sup(𝑁r(ℓ𝑤2𝑖+1, 𝐵𝑣, t )) ≤ (𝑏 + 𝑐)(Nr(ℓ𝑣, 𝐴𝑣, t ))  and 

lim
𝑖→∞

sup(Rr(ℓ𝑤2𝑖+1, 𝐵𝑣, t )) ≤ (𝑏 + 𝑐)(Rr(ℓ𝑣, 𝐴𝑣, t )) 𝑓𝑜𝑟 𝑡 > 0.              24          

From (17), (22), and (24), we get 

Mr(ℓ𝑣, 𝐵𝑣, t ) ≤ (𝑏 + 𝑐)(Mr(ℓ𝑣, 𝐵𝑣, t )) , 

𝑁r(ℓ𝑣, 𝐵𝑣, t ) ≤ (𝑏 + 𝑐)(Nr(ℓ𝑣, 𝐵𝑣, t )) , and 

Rr(ℓ𝑣, 𝐵𝑣, t ) ≤ (𝑏 + 𝑐)(Rr(ℓ𝑣, 𝐵𝑣, t )) 𝑓𝑜𝑟 𝑡 > 0.                      25 

Note that (𝑏 + 𝑐) < 1,𝑤ℎ𝑒𝑟𝑒 (𝑎 + 𝑏 + 2𝑐) < 1, therefore,  

Mr (ℓ𝑣, 𝐵𝑣, 𝑡) = Mr (𝑢, 𝐵𝑣, 𝑡) = 1 ⇒ 𝑢 = 𝑙𝑣 = 𝐴𝑣 for 𝑡 > 0. 
Nr (ℓ𝑣, 𝐵𝑣, 𝑡) = Nr (𝑢, 𝐵𝑣, 𝑡) = 0 ⇒ 𝑢 = 𝑙𝑣 = 𝐴𝑣 for 𝑡 > 0   and 
Rr (ℓ𝑣, 𝐵𝑣, 𝑡) = Rr (𝑢, 𝐵𝑣, 𝑡) = 0 ⇒ 𝑢 = 𝑙𝑣 = 𝐴𝑣 for 𝑡 > 0. 

Hence, 𝑢 is a CCP of the mappings ℓ, 𝐴 𝑎𝑛𝑑 𝐵 in 𝑊 such that  𝑢 = ℓ𝑣 = 𝐴𝑣 = 𝐵𝑣. 
Next, we prove the uniqueness of a coincidence point in (ℌ,Mr, 𝑁r, 𝑅r,∗,⨁,⊙) for the mappings ℓ, 𝐴 and 𝐵.  

        Let 𝑢∗ be the other common coincidence point in 𝑊such that  𝑢∗ = 𝑙𝑣∗ = 𝐴𝑣∗ = 𝐵𝑣∗ for some 𝑣∗ ∈ 𝑊 Then, 

from (6) and from, Definition 2.2 (iv, ix, xiv),  for 𝑡 > 0, 

(
1

𝑀𝑟(𝑢, 𝑢
∗, 𝑡)

− 1) = (
1

𝑀𝑟(𝑙𝑣, 𝑙𝑣
∗, 𝑡)

− 1) = (
1

𝑀𝑟(𝐴𝑣, 𝐵𝑣
∗, 𝑡)

− 1) 

                    =

{
 

 𝑎 (
1

𝑀𝑟(𝑢
∗,𝑢,2𝑡)

− 1) + 𝑏 (
1

𝑀𝑟(𝑢,𝑢
∗,𝑡).𝑀𝑟(𝑢,𝑢

∗,2𝑡)

𝑀𝑟(𝑢,𝑢∗,𝑡)

− 1)

+𝑐 (
1

𝑀𝑟(𝑢,𝑢,𝑡)
− 1 +

1

𝑀𝑟(𝑢
∗,𝑢∗,𝑡)

− 1) }
 

 
  

                    ≤ (𝑎 + 𝑏) (
1

𝑀𝑟(𝑢,𝑢
∗,𝑡)
− 1)  

(𝑁𝑟(𝑢, 𝑢
∗, 𝑡)) = (𝑁𝑟(𝑙𝑣, 𝑙𝑣

∗, 𝑡)) = (𝑁𝑟(𝐴𝑣, 𝐵𝑣
∗, 𝑡)) 

                       ≤ {
𝑎 (Nr(𝑙𝑣, 𝑙𝑣

∗, t )) + 𝑏 (
Nr(𝑙𝑣

∗,𝐴𝑣,2t ).Nr(𝑙𝑣,𝐵𝑣
∗,2t )

Nr(𝑙𝑣,𝑙𝑣
∗,t )

)

+𝑐(𝑁r(𝑙𝑣, 𝐴𝑣, t ) + Nr(𝑙𝑣
∗, 𝐵𝑣∗, t ))

}  

                      = {
𝑎(𝑁𝑟(𝑢

∗, 𝑢, 2𝑡)) + 𝑏 (
𝑁𝑟(𝑢,𝑢

∗,𝑡).𝑁𝑟(𝑢,𝑢
∗,2𝑡)

𝑀𝑟(𝑢,𝑢
∗,𝑡)

)

+𝑐(𝑁𝑟(𝑢, 𝑢, 𝑡) + 𝑁𝑟(𝑢
∗, 𝑢∗, 𝑡))

}  

                      ≤ (𝑎 + 𝑏)(𝑁𝑟(𝑢, 𝑢
∗, 𝑡))  

(𝑅𝑟(𝑢, 𝑢
∗, 𝑡)) = (𝑅𝑟(𝑙𝑣, 𝑙𝑣

∗, 𝑡)) = (𝑅𝑟(𝐴𝑣, 𝐵𝑣
∗, 𝑡)) 

                       ≤ {
𝑎 (Rr(𝑙𝑣, 𝑙𝑣

∗, t )) + 𝑏 (
Rr(𝑙𝑣

∗,𝐴𝑣,2t ).Rr(𝑙𝑣,𝐵𝑣
∗,2t )

Mr(𝑙𝑣,𝑙𝑣
∗,t )

)

+𝑐(Rr(𝑙𝑣, 𝐴𝑣, t ) + 𝑅r(𝑙𝑣
∗, 𝐵𝑣∗, t ))

}   

                       = {
𝑎(𝑅𝑟(𝑢

∗, 𝑢, 2𝑡)) + 𝑏 (
𝑅𝑟(𝑢,𝑢

∗,𝑡).𝑅𝑟(𝑢,𝑢
∗,2𝑡)

𝑀𝑟(𝑢,𝑢
∗,𝑡)

)

+𝑐(𝑅𝑟(𝑢, 𝑢, 𝑡) + 𝑅𝑟(𝑢
∗, 𝑢∗, 𝑡))

}  

                       ≤ (𝑎 + 𝑏)(𝑅𝑟(𝑢, 𝑢
∗, 𝑡))             27 

Note that (𝑎 +  𝑏)  <  1 , where (𝑎 +  𝑏 +  2𝑐)  <  1.  Thus, we get that 𝑀𝑟(𝑢, 𝑢
∗, 𝑡) = 1 , 𝑁𝑟(𝑢, 𝑢

∗, 𝑡) =
 0, 𝑅𝑟(𝑢, 𝑢

∗, 𝑡) =  0 that is, 𝑢 = 𝑢∗. By using the weak compatibility of the pair (𝐴, ℓ), (𝐵, ℓ) and by using Preposition 2.9. 

We can get a unique CFP of the mappings 𝐴, 𝐵, and ℓ. Let ∃ 𝑧 ∈ 𝑊such that, ℓ𝑧 = 𝐴𝑧 = 𝐵𝑧 = 𝑧. Hence, we get that 

𝑀𝑟(𝑣, 𝑧, 𝑡) = 1 ⇒ 𝑣 = 𝑧,𝑁𝑟(𝑣, 𝑧, 𝑡) =  0 ⇒ 𝑣 = 𝑧,  
𝑅𝑟(𝑣, 𝑧, 𝑡) = 0 ⇒ 𝑣 = 𝑧, 𝑓𝑜𝑟 𝑡 > 0. 
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Corollary 3.2. 

Let a NS-sp (Mr, 𝑁r, 𝑅r) is triangular in a CNM-spaces (ℌ,Mr, 𝑁r, 𝑅r,∗,⨁,⊙) and let 𝐴, 𝐵, 𝑙 ⟶ 𝑊 be three self-

mappings, satisfies for all   𝑤, 𝑥 ∈ 𝑊, 

1

𝑀𝑟(𝐴𝑤,𝑏𝑥,𝑡)
− 1 ≤ 𝑎 (

1

𝑀𝑟(𝑙𝑤,𝑙𝑥,𝑡)
− 1) + 𝑏 (

1
𝑀𝑟(𝑙𝑥,𝐴𝑤,2𝑡).𝑀𝑟(𝑙𝑤,𝐵𝑥,2𝑡)

𝑀𝑟(𝑙𝑤,𝑙𝑥,𝑡)

− 1),   

𝑁𝑟(𝐴𝑤, 𝑏𝑥, 𝑡) ≤ 𝑎(𝑁𝑟(𝑙𝑤, 𝑙𝑥, 𝑡)) + 𝑏 (
𝑁𝑟(𝑙𝑥,𝐴𝑤,2𝑡).𝑁𝑟(𝑙𝑤,𝐵𝑥,2𝑡)

𝑁𝑟(𝑙𝑤,𝑙𝑥,𝑡)
)  and 

𝑅𝑟(𝐴𝑤, 𝑏𝑥, 𝑡) ≤ 𝑎(𝑅𝑟(𝑙𝑤, 𝑙𝑥, 𝑡)) + 𝑏 (
𝑅𝑟(𝑙𝑥,𝐴𝑤,2𝑡).𝑅𝑟(𝑙𝑤,𝐵𝑥,2𝑡)

𝑅𝑟(𝑙𝑤,𝑙𝑥,𝑡)
),                      27 

for 𝑡 > 0  and 0 ≤ 𝑎, 𝑏 < 1  with (𝑎 + 𝑏) < 1 . If 𝐴(𝑊) ∪ 𝐵(𝑊) ⊂ ℓ(𝑊),  where ℓ(𝑊)  is a complete subspace of 𝑊. 
Then, 𝐴, 𝐵, and ℓ have a unique point of coincidence. Moreover, if the pairs (𝐴, ℓ) and (𝐵, ℓ) are weakly compatible. Then, 

𝐴, 𝐵, and ℓ have a unique CFP in 𝑊. 
If we use identity map instead of ℓ, 𝑖. 𝑒. , ℓ =  𝐼, in  Theorem 3.1, we can get the following corollary: 

Corollary 3.3. 

Let a NM-spaces, (Mr, 𝑁r, 𝑅r) is triangular in a CNM-space (ℌ,Mr, 𝑁r, 𝑅r,∗,⨁,⊙) and let 𝐴, 𝐵:𝑊 ⟶ 𝑊 be two 

self-mappings, satisfies for all 𝑤, 𝑥 ∈ 𝑊, 

1

𝑀𝑟(𝐴𝑤,𝑏𝑥,𝑡)
− 1 ≤ {

𝑎 (
1

Mr(𝑤,𝑥,t )
− 1 ) + 𝑏 (

Mr(𝑤,𝑥,t )

Mr(𝑥,𝐴𝑤,2t ).Mr(𝑤,𝐵𝑥,2t )
− 1)

+𝑐 (
1

Mr(𝑤,𝐴𝑤,t )
− 1 +

1

Mr(𝑥,𝐵𝑥,t )
− 1 )

}  

𝑁𝑟(𝐴𝑤, 𝑏𝑥, 𝑡) ≤ {
𝑎 (𝑁r(𝑤, 𝑥, t )) + 𝑏 (

Nr(𝑤,𝑥,t )

Nr(𝑥,𝐴𝑤,2t ).Nr(𝑤,𝐵𝑥,2t )
)

+𝑐(𝑁r(𝑤, 𝐴𝑤, t ) + Nr(𝑥, 𝐵𝑥, t ))
}  

𝑅𝑟(𝐴𝑤, 𝑏𝑥, 𝑡) ≤ {
𝑎 (Rr(𝑤, 𝑥, t )) + 𝑏 (

𝑅r(𝑤,𝑥,t )

Rr(𝑥,𝐴𝑤,2t ).𝑅r(𝑤,𝐵𝑥,2t )
)

+𝑐(Rr(𝑤, 𝐴𝑤, t ) + Rr(𝑥, 𝐵𝑥, t ))
}                       28 

𝑓𝑜𝑟 𝑡 > 0, 0 ≤ 𝑎, 𝑏, 𝑐 < 1 with  (𝑎 + 𝑏 + 2𝑐) < 1. Then, the mappings 𝐴 and 𝐵 have a unique 𝐶𝐹𝑃 in 𝑊. 
Example 3.4. 

Let  ℌ = [0, 1], ∗ is a product continuous t-norm and ⨁ is a product continuous t-conorm on ℌ = [0, 1] which is 

defined as 𝜉 ∗ 𝜁 =  𝜉𝜁, 𝜉 ∗ 𝜁 =  𝜉 + 𝜁 − 𝜉𝜁 for all 𝜉, 𝜁 ∈ ℌ and a NM-space 𝑀𝑟 , 𝑁𝑟 , 𝑅𝑟 ∶  ℌ
2  × (0,∞) ⟶ [0, 1] is defined 

by 

𝑀𝑟(𝑤, 𝑥, 𝑡) =  
𝑡

𝑡+|𝑤−𝑥|
, 𝑁𝑟(𝑤, 𝑥, 𝑡) =  

|𝑤−𝑥|

𝑡+|𝑤−𝑥|
, ∀𝑤, 𝑥 ∈ ℌ, and 𝑡 > 0.                               29 

Then, it is easy to prove that Mr, 𝑁r, 𝑅r is triangular and (ℌ,Mr, 𝑁r, 𝑅r,∗,⨁,⊙) is a C𝑁𝑀-space. The mappings 𝐴, 𝐵, ℓ ∶
 ℌ ⟶ ℌ be defined as 

𝐴𝑤 = 𝐵𝑤 =
4𝑤

3𝑤+9
 and 𝑙𝑤 =

2𝑤 

3
∀ 𝑤 ∈ ℌ.                                                             30 

Then, from (29), we get 
1

𝑀𝑟(𝐴𝑤, 𝑏𝑥, 𝑡)
− 1 =

1

𝑡
|𝐴𝑤 − 𝐵𝑥| =

1

𝑡
|
4𝑤

3𝑤 + 9
−

4𝑥

3𝑥 + 9
| 

= |
36𝑤−36𝑥

(3𝑤+9)(3𝑥+9)
| ≤ |

36𝑤−36𝑥

81
| =

2

3
|
𝑙𝑤−𝑙𝑥

𝑡
| =

2

3
(

1

𝑀𝑟(𝑙𝑤,𝑙𝑥,𝑡)
− 1) for 𝑡 > 0. 

𝑁𝑟(𝐴𝑤, 𝑏𝑥, 𝑡) =
1

𝑡
|𝐴𝑤 − 𝐵𝑥| =

1

𝑡
|
4𝑤

3𝑤 + 9
−

4𝑥

3𝑥 + 9
| 

= |
36𝑤−36𝑥

(3𝑤+9)(3𝑥+9)
| ≤ |

36𝑤−36𝑥

81
| =

2

3
|
𝑙𝑤−𝑙𝑥

𝑡
| =

2

3
(𝑁𝑟(𝑙𝑤, 𝑙𝑥, 𝑡))for 𝑡 > 0. 

𝑅𝑟(𝐴𝑤, 𝑏𝑥, 𝑡) =
1

𝑡
|𝐴𝑤 − 𝐵𝑥| =

1

𝑡
|
4𝑤

3𝑤 + 9
−

4𝑥

3𝑥 + 9
| 

= |
36𝑤−36𝑥

(3𝑤+9)(3𝑥+9)
| ≤ |

36𝑤−36𝑥

81
| =

2

3
|
𝑙𝑤−𝑙𝑥

𝑡
| =

2

3
(𝑅𝑟(𝑙𝑤, 𝑙𝑥, 𝑡)) for 𝑡 > 0.        31 

Hence, the self-mappings 𝐴, 𝐵, and ℓ are satisfied the WNCC in 𝑁𝑀-spaces. Next, we simplify the second term of 

(6), then, from, Definition 2.2 (iv, ix, xiv),  and from (29), 𝑓𝑜𝑟 𝑡 > 0, we have 
1

𝑀𝑟(𝑙𝑥, 𝐴𝑤, 2t ).𝑀𝑟(𝑙𝑤, 𝐵𝑥, 2t )
𝑀𝑟(𝑙𝑤, 𝑙𝑥, t )

− 1 ≤
1

𝑀𝑟(𝑙𝑥, 𝑙𝑤, t ).𝑀𝑟(𝑙𝑤, 𝐴𝑤, t ).𝑀𝑟(𝑙𝑤, 𝑙𝑥, t ).𝑀𝑟(𝑙𝑥, 𝐵𝑥, t )
𝑀𝑟(𝑙𝑤, 𝑙𝑥, t )

− 1 

=
1

𝑀𝑟(𝑙𝑥, 𝑙𝑤, t ).𝑀𝑟(𝑙𝑤, 𝐴𝑤, t ).𝑀𝑟(𝑙𝑥, 𝐵𝑥, t )
− 1 

≥
𝑡3

(𝑡 + |𝑙𝑤 − 𝑙𝑥|). (𝑡 + |𝑙𝑤 − 𝐴𝑤|). (𝑡 + |𝑙𝑥 − 𝐵𝑥|)
 

=
𝑡3

(𝑡 + |2𝑤/3 − 2𝑥/3|). (𝑡 + |2𝑤/3 − 4𝑤/3𝑤 + 9|). (𝑡 + |2𝑥/3 − 4𝑤/3𝑤 + 9|)
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=
𝑡3

((𝑡 + |2𝑤/3 − 2𝑥/3|). (𝑡 + |2(𝑤2 + 𝑤)/3𝑤 + 9|). (𝑡 + |2(𝑥2 + 𝑥)/3𝑥 + 9|))
 

=
𝑡3

(

 
 
(𝑡 + |

2𝑤
3
−
2𝑥
3
|) . (𝑡2 + 2𝑡((𝑤2 + 𝑤)/3𝑤 + 9)

+ (𝑥2 +
𝑥
3𝑥
+ 9)

+(4(𝑤2 + 𝑤). (𝑥2 + 𝑥)/(3𝑤 + 9). (3𝑥 + 9) )

 
 

 

≥
𝑡3

(
(𝑡 +

2
3|𝑤 − 𝑥|

) . (𝑡2 + (2𝑡/81)(3𝑤2𝑥 + 3𝑤𝑥2 + 9(𝑤2 + 𝑥2) + 6𝑤𝑥

+9(𝑤 + 𝑥) + 4/81(𝑤2𝑥2 + 𝑤2𝑥 + 𝑤𝑥2 +𝑤𝑥))
)

 

≤

(𝑡 +
2

3|𝑤 − 𝑥|
) . (

𝑡2 + 2/81(9𝑡(𝑤2 + 𝑥2) + 2𝑤2𝑥2

+𝑤𝑥(6𝑡 + 2) + (𝑤𝑥(3𝑡 + 2) + 9(𝑤 + 𝑥))
)

𝑡3
 

=
1

𝑡3

(

 

2𝑡2

3
|𝑤 − 𝑥| +

2

81
(𝑡 +

2

3
|𝑤 − 𝑥|) (

9𝑡(𝑤2 + 𝑥2) + 2𝑤2𝑥2 +𝑤𝑥(6𝑡 + 2)

+(𝑤𝑥(3𝑡 + 2) + 9
) (𝑤 + 𝑥))

)

  

𝑁𝑟(𝑙𝑥, 𝐴𝑤, 2t ). 𝑁𝑟(𝑙𝑤, 𝐵𝑥, 2t )

𝑁𝑟(𝑙𝑤, 𝑙𝑥, t )
≤
𝑁𝑟(𝑙𝑥, 𝑙𝑤, t ). 𝑁𝑟(𝑙𝑤, 𝐴𝑤, t ). 𝑁𝑟(𝑙𝑤, 𝑙𝑥, t ). 𝑁𝑟(𝑙𝑥, 𝐵𝑥, t )

𝑁𝑟(𝑙𝑤, 𝑙𝑥, t )
 

= 𝑁𝑟(𝑙𝑥, 𝑙𝑤, t ). 𝑁𝑟(𝑙𝑤, 𝐴𝑤, t ). 𝑁𝑟(𝑙𝑥, 𝐵𝑥, t ) 

≥
𝑡3

(𝑡 + |𝑙𝑤 − 𝑙𝑥|). (𝑡 + |𝑙𝑤 − 𝐴𝑤|). (𝑡 + |𝑙𝑥 − 𝐵𝑥|)
 

=
𝑡3

(𝑡 + |2𝑤/3 − 2𝑥/3|). (𝑡 + |2𝑤/3 − 4𝑤/3𝑤 + 9|). (𝑡 + |2𝑥/3 − 4𝑤/3𝑤 + 9|)
 

=
𝑡3

((𝑡 + |2𝑤/3 − 2𝑥/3|). (𝑡 + |2(𝑤2 + 𝑤)/3𝑤 + 9|). (𝑡 + |2(𝑥2 + 𝑥)/3𝑥 + 9|))
 

            =
𝑡3

(
(𝑡+|

2𝑤

3
−
2𝑥

3
|).(𝑡2+2𝑡((𝑤2+𝑤)/3𝑤+9)+(𝑥2+

𝑥

3𝑥
+9)

+(4(𝑤2+𝑤).(𝑥2+𝑥)/(3𝑤+9).(3𝑥+9)
)

  

             ≥
𝑡3

(
(𝑡+

2

3|𝑤−𝑥|
).(𝑡2+(2𝑡/81)(3𝑤2𝑥+3𝑤𝑥2

+9(𝑤2+𝑥2)+6𝑤𝑥+9(𝑤+𝑥)+4/81(𝑤2𝑥2+𝑤2𝑥+𝑤𝑥2+𝑤𝑥))
)

  

             ≤
(𝑡+

2

3|𝑤−𝑥|
).(

𝑡2+2/81(9𝑡(𝑤2+𝑥2)

+2𝑤2𝑥2+𝑤𝑥(6𝑡+2)+(𝑤𝑥(3𝑡+2)+9(𝑤+𝑥))
)

𝑡3
  

         =
1

𝑡3
(
2𝑡2

3
|𝑤 − 𝑥| +

2

81
(𝑡 +

2

3
|𝑤 − 𝑥|)(

9𝑡(𝑤2 + 𝑥2) + 2𝑤2𝑥2

+𝑤𝑥(6𝑡 + 2)

+(𝑤𝑥(3𝑡 + 2) + 9

) (𝑤 + 𝑥)))  

𝑅𝑟(𝑙𝑥, 𝐴𝑤, 2t ). 𝑅𝑟(𝑙𝑤, 𝐵𝑥, 2t )

𝑅𝑟(𝑙𝑤, 𝑙𝑥, t )
≤
𝑅𝑟(𝑙𝑥, 𝑙𝑤, t ). 𝑅𝑟(𝑙𝑤, 𝐴𝑤, t ). 𝑅𝑟(𝑙𝑤, 𝑙𝑥, t ). 𝑅𝑟(𝑙𝑥, 𝐵𝑥, t )

𝑅𝑟(𝑙𝑤, 𝑙𝑥, t )
 

                        = 𝑅𝑟(𝑙𝑥, 𝑙𝑤, t ). 𝑅𝑟(𝑙𝑤, 𝐴𝑤, t ). 𝑅𝑟(𝑙𝑥, 𝐵𝑥, t )  

                        ≥
𝑡3

(𝑡+|𝑙𝑤−𝑙𝑥|).(𝑡+|𝑙𝑤−𝐴𝑤|).(𝑡+|𝑙𝑥−𝐵𝑥|)
  

=
𝑡3

(𝑡 + |2𝑤/3 − 2𝑥/3|). (𝑡 + |2𝑤/3 − 4𝑤/3𝑤 + 9|). (𝑡 + |2𝑥/3 − 4𝑤/3𝑤 + 9|)
 

=
𝑡3

((𝑡 + |2𝑤/3 − 2𝑥/3|). (𝑡 + |2(𝑤2 + 𝑤)/3𝑤 + 9|). (𝑡 + |2(𝑥2 + 𝑥)/3𝑥 + 9|))
 

=
𝑡3

(

 
 
(𝑡 + |

2𝑤
3
−
2𝑥
3
|) . (𝑡2 + 2𝑡((𝑤2 + 𝑤)/3𝑤 + 9)

+ (𝑥2 +
𝑥
3𝑥
+ 9)

+(4(𝑤2 + 𝑤). (𝑥2 + 𝑥)/(3𝑤 + 9). (3𝑥 + 9) )
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≥
𝑡3

(

(𝑡 +
2

3|𝑤 − 𝑥|
) . (𝑡2 + (2𝑡/81)(3𝑤2𝑥 + 3𝑤𝑥2

+9(𝑤2 + 𝑥2) + 6𝑤𝑥
+9(𝑤 + 𝑥) + 4/81(𝑤2𝑥2 + 𝑤2𝑥 + 𝑤𝑥2 +𝑤𝑥))

)

 

≤

(𝑡 +
2

3|𝑤 − 𝑥|
) . (

𝑡2 + 2/81(9𝑡(𝑤2 + 𝑥2)

+2𝑤2𝑥2 + 𝑤𝑥(6𝑡 + 2) + (𝑤𝑥(3𝑡 + 2) + 9(𝑤 + 𝑥))
)

𝑡3
 

=
1

𝑡3
(
2𝑡2

3
|𝑤 − 𝑥| +

2

81
(𝑡 +

2

3
|𝑤 − 𝑥|)(

9𝑡(𝑤2 + 𝑥2)

+2𝑤2𝑥2 + 𝑤𝑥(6𝑡 + 2)

+(𝑤𝑥(3𝑡 + 2) + 9

) (𝑤 + 𝑥))) 3.32 

Lastly, we simplify the third term of (6), then from (29), for 𝑡 > 0 
1

𝑀𝑟(𝑤, 𝐴𝑤, 𝑡)
− 1 +

1

𝑀𝑟(𝑥, 𝐵𝑥, 𝑡)
− 1 =

1

𝑡
(|𝑙𝑤 − 𝐴𝑤| + |𝑙𝑥 − 𝐵𝑥|) 

              =
1

𝑡
(|
2𝑤

3
−

4𝑤

3𝑤+9
| + |

2𝑥

3
−

4𝑥

3𝑥+9
|) =

1

𝑡
(
2(𝑤+𝑤2)

3𝑤+9
+

2(𝑥+𝑥2)

3𝑥+9
)  

              ≤
2

81𝑡
((3𝑤𝑥 +  9)(𝑤 +  𝑥) +  9(w2 + x2) + 6wx)  

𝑁𝑟(𝑤, 𝐴𝑤, 𝑡) + 𝑁𝑟(𝑥, 𝐵𝑥, 𝑡) =
1

𝑡
(|𝑙𝑤 − 𝐴𝑤| + |𝑙𝑥 − 𝐵𝑥|) 

               =
1

𝑡
(|
2𝑤

3
−

4𝑤

3𝑤+9
| + |

2𝑥

3
−

4𝑥  

3𝑥+9
|)                  33 

               =
1

𝑡
(
2(𝑤+𝑤2)

3𝑤+9
+

2(𝑥+𝑥2)

3𝑥+9
)  

               ≤
2

81𝑡
((3𝑤𝑥 +  9)(𝑤 +  𝑥) +  9(w2 + x2) + 6wx)  

𝑅𝑟(𝑤, 𝐴𝑤, 𝑡) + 𝑅𝑟(𝑥, 𝐵𝑥, 𝑡) =
1

𝑡
(|𝑙𝑤 − 𝐴𝑤| + |𝑙𝑥 − 𝐵𝑥|) 

                            =
1

𝑡
(|
2𝑤

3
−

4𝑤

3𝑤+9
| + |

2𝑥

3
−

4𝑥

3𝑥+9
|) =

1

𝑡
(
2(𝑤+𝑤2)

3𝑤+9
+

2(𝑥+𝑥2)

3𝑥+9
)  

≤
2

81𝑡
((3𝑤𝑥 +  9)(𝑤 +  𝑥) +  9(w2 + x2) + 6wx) 

Hence, all the conditions of Theorem 3.1 are satisfied with 𝑎 =
2

3
, 𝑏 =

1

9
, and 𝑐 =

1

5
. The mappings 𝐴, 𝐵, 𝑎𝑛𝑑 ℓ  have a 

unique CFP, that is, 0. 
Theorem 3.5. 

Let a NM-space, (Mr, 𝑁r, 𝑅r) be triangular in a C𝑁𝑀-space (ℌ,Mr, 𝑁r, 𝑅r,∗,⨁,⊙) and let    𝐴, 𝐵, ℓ ∶ 𝑊 ⟶𝑊 be 

three self-mappings, satisfies for all 𝑤, 𝑥 ∈ 𝑊, 

1

𝑀𝑟 (𝐴𝑤,𝐵𝑥,𝑡)
− 1 ≤

{
 

 𝑎 (
1

𝑀𝑟(𝑙𝑤,𝑙𝑥,𝑡)
− 1)

+𝑏 (
1

𝑈 (𝐴,𝐵,𝑙,𝑤,𝑥,𝑡)
− 1) + 𝑐 (

1
𝑀𝑟(𝑙𝑤,𝐵𝑥,2𝑡).𝑀𝑟(𝑙𝑤,𝑙𝑥,𝑡).𝑀𝑟 (𝑙𝑥,𝐴𝑤,𝑡)

𝑀𝑟(𝑙𝑤,𝐴𝑤,𝑡).𝑀𝑟 (𝑙𝑥,𝐵𝑥,𝑡)

− 1)
}
 

 
,   

𝑁𝑟 (𝐴𝑤, 𝐵𝑥, 𝑡) ≤ {
𝑎(𝑁𝑟(𝑙𝑤, 𝑙𝑥, 𝑡))

+𝑏(𝑈 (𝐴, 𝐵, 𝑙, 𝑤, 𝑥, 𝑡)) + 𝑐 (
𝑁𝑟(𝑙𝑤,𝐵𝑥,2𝑡).𝑁𝑟(𝑙𝑤,𝑙𝑥,𝑡).𝑁𝑟 (𝑙𝑥,𝐴𝑤,𝑡)

𝑁𝑟(𝑙𝑤,𝐴𝑤,𝑡).𝑁𝑟 (𝑙𝑥,𝐵𝑥,𝑡)
)
},  

𝑅𝑟 (𝐴𝑤, 𝐵𝑥, 𝑡) ≤ {
𝑎(𝑅𝑟(𝑙𝑤, 𝑙𝑥, 𝑡))

+𝑏(𝑈 (𝐴, 𝐵, 𝑙, 𝑤, 𝑥, 𝑡)) + 𝑐 (
𝑅𝑟(𝑙𝑤,𝐵𝑥,2𝑡).𝑅𝑟(𝑙𝑤,𝑙𝑥,𝑡).𝑅𝑟 (𝑙𝑥,𝐴𝑤,𝑡)

𝑅𝑟(𝑙𝑤,𝐴𝑤,𝑡).𝑅𝑟 (𝑙𝑥,𝐵𝑥,𝑡)
)
},        34 

Where, 

𝐔(𝐴, 𝐵, ℓ, 𝑤, 𝑥, 𝑡) = {

1

𝑀𝑟(𝑙𝑤,𝑙𝑥,𝑡)
− 1,

1

𝑀𝑟(𝑙𝑤,𝐴𝑤,𝑡)
− 1,

1

𝑀𝑟(𝑙𝑥,𝐵𝑥,𝑡)𝑀𝑟(𝑙𝑥,𝐴𝑤,𝑡)𝑀𝑟(𝑙𝑤,𝐵𝑥,𝑡)
− 1

}  

𝐔(𝐴, 𝐵, ℓ, 𝑤, 𝑥, 𝑡) = {
𝑁𝑟(𝑙𝑤, 𝑙𝑥, 𝑡), 𝑁𝑟(𝑙𝑤, 𝐴𝑤, 𝑡),

𝑁𝑟(𝑙𝑥, 𝐵𝑥, 𝑡)𝑁𝑟(𝑙𝑥, 𝐴𝑤, 𝑡)𝑁𝑟(𝑙𝑤, 𝐵𝑥, 𝑡)
}  

𝐔(𝐴, 𝐵, ℓ, 𝑤, 𝑥, 𝑡) = {
𝑅𝑟(𝑙𝑤, 𝑙𝑥, 𝑡), 𝑅𝑟(𝑙𝑤, 𝐴𝑤, 𝑡),

𝑅𝑟(𝑙𝑥, 𝐵𝑥, 𝑡)𝑅𝑟(𝑙𝑥, 𝐴𝑤, 𝑡)𝑅𝑟(𝑙𝑤, 𝐵𝑥, 𝑡)
}                35 

for 𝑡 > 0 and 0 ≤ 𝑎, 𝑏, 𝑐 < 1 with (𝑎 + 𝑏 + 𝑐) < 1. 
If 𝐴(𝑊) ∪ 𝐵(𝑊) ⊂ ℓ(𝑊), where ℓ(𝑊) is a complete subspace of 𝑊. Then 𝐴, 𝐵, and ℓ have a coincidence point 

in 𝑊. 
Proof.  

Let 𝑤0be the arbitrary point of 𝑊. By the condition 𝐴(𝑊) ∪ 𝐵(𝑊) ⊂ ℓ(𝑊) choose a sequence (𝑤𝑖) in 𝑊such 

that 
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ℓ𝑤2𝑖+1  = 𝐴𝑤2𝑖  𝑎𝑛𝑑 ℓ𝑤2𝑖+2  =  𝐵𝑤2𝑖+1, for all 𝑖 ≥ 0.                                   36 

Now, by (34), for 𝑡 > 0, 

𝑀𝑟(ℓ𝑤2𝑖+1, ℓ𝑤2𝑖+2, 𝑡) = 𝑀𝑟(𝐴𝑤2𝑖 , 𝐵𝑤2𝑖+1, 𝑡) 

≤ {

𝑎(𝑀𝑟(ℓ𝑤2𝑖 , ℓ𝑤2𝑖+1, 𝑡)) + 𝑏(𝑈(𝐴, 𝐵, 𝑙, 𝑤2𝑖 , 𝑤2𝑖+1, 𝑡))

+𝑐 (
𝑀𝑟(ℓ𝑤2𝑖 , 𝐵𝑤2𝑖+1, 2𝑡).𝑀𝑟(ℓ𝑤2𝑖 , ℓ𝑤2𝑖+1, 𝑡).𝑀𝑟(ℓ𝑤2𝑖+1, 𝐴𝑤2𝑖 , 2𝑡)

𝑀𝑟(ℓ𝑤2𝑖 , 𝐴𝑤2𝑖 , 𝑡).𝑀𝑟(ℓ𝑤2𝑖+1, 𝐵𝑤2𝑖+1, 𝑡)
)
} 

 = {
𝑎(𝑀𝑟(ℓ𝑤2𝑖 , ℓ𝑤2𝑖+1, 𝑡)) + 𝑏(𝑈(𝐴, 𝐵, 𝑙, 𝑤2𝑖 , 𝑤2𝑖+1, 𝑡))

+𝑐 (
𝑀𝑟(ℓ𝑤2𝑖,𝑙𝑤2𝑖+2,2𝑡).𝑀𝑟(ℓ𝑤2𝑖,ℓ𝑤2𝑖+1,𝑡)

𝑀𝑟(ℓ𝑤2𝑖,𝑙𝑤2𝑖+1,𝑡).𝑀𝑟(ℓ𝑤2𝑖+1,𝑙𝑤2𝑖+2,𝑡)
)

}  

𝑁𝑟(ℓ𝑤2𝑖+1, ℓ𝑤2𝑖+2, 𝑡) = 𝑁𝑟(𝐴𝑤2𝑖 , 𝐵𝑤2𝑖+1, 𝑡) 

≤ {

𝑎(𝑁𝑟(ℓ𝑤2𝑖 , ℓ𝑤2𝑖+1, 𝑡)) + 𝑏(𝑈(𝐴, 𝐵, 𝑙, 𝑤2𝑖 , 𝑤2𝑖+1, 𝑡))

+𝑐 (
𝑁𝑟(ℓ𝑤2𝑖 , 𝐵𝑤2𝑖+1, 2𝑡). 𝑁𝑟(ℓ𝑤2𝑖 , ℓ𝑤2𝑖+1, 𝑡). 𝑁𝑟(ℓ𝑤2𝑖+1, 𝐴𝑤2𝑖 , 2𝑡)

𝑁𝑟(ℓ𝑤2𝑖 , 𝐴𝑤2𝑖 , 𝑡). 𝑁𝑟(ℓ𝑤2𝑖+1, 𝐵𝑤2𝑖+1, 𝑡)
)
} 

 = {
𝑎(𝑁𝑟(ℓ𝑤2𝑖 , ℓ𝑤2𝑖+1, 𝑡)) + 𝑏(𝑈(𝐴, 𝐵, 𝑙, 𝑤2𝑖 , 𝑤2𝑖+1, 𝑡))

+𝑐 (
𝑁𝑟(ℓ𝑤2𝑖,𝑙𝑤2𝑖+2,2𝑡).𝑁𝑟(ℓ𝑤2𝑖,ℓ𝑤2𝑖+1,𝑡)

𝑁𝑟(ℓ𝑤2𝑖,𝑙𝑤2𝑖+1,𝑡).𝑁𝑟(ℓ𝑤2𝑖+1,𝑙𝑤2𝑖+2,𝑡)
)

} 

𝑅𝑟(ℓ𝑤2𝑖+1, ℓ𝑤2𝑖+2, 𝑡) = 𝑅𝑟(𝐴𝑤2𝑖 , 𝐵𝑤2𝑖+1, 𝑡) 

≤ {

𝑎(𝑅𝑟(ℓ𝑤2𝑖 , ℓ𝑤2𝑖+1, 𝑡)) + 𝑏(𝑈(𝐴, 𝐵, 𝑙, 𝑤2𝑖 , 𝑤2𝑖+1, 𝑡))

+𝑐 (
𝑅𝑟(ℓ𝑤2𝑖 , 𝐵𝑤2𝑖+1, 2𝑡). 𝑅𝑟(ℓ𝑤2𝑖 , ℓ𝑤2𝑖+1, 𝑡). 𝑅𝑟(ℓ𝑤2𝑖+1, 𝐴𝑤2𝑖 , 2𝑡)

𝑅𝑟(ℓ𝑤2𝑖 , 𝐴𝑤2𝑖 , 𝑡). 𝑅𝑟(ℓ𝑤2𝑖+1, 𝐵𝑤2𝑖+1, 𝑡)
)
} 

 = {
𝑎(𝑅𝑟(ℓ𝑤2𝑖 , ℓ𝑤2𝑖+1, 𝑡)) + 𝑏(𝑈(𝐴, 𝐵, 𝑙, 𝑤2𝑖 , 𝑤2𝑖+1, 𝑡))

+𝑐 (
𝑅𝑟(ℓ𝑤2𝑖,𝑙𝑤2𝑖+2,2𝑡).𝑅𝑟(ℓ𝑤2𝑖,ℓ𝑤2𝑖+1,𝑡)

𝑅𝑟(ℓ𝑤2𝑖,𝑙𝑤2𝑖+1,𝑡).𝑅𝑟(ℓ𝑤2𝑖+1,𝑙𝑤2𝑖+2,𝑡)
)

}                      37 

Where 

𝑼(𝐴, 𝐵, ℓ, 𝑤2𝑖 , 𝑤2𝑖+1, 𝑡) 

= 𝑚𝑖𝑛 {
𝑀𝑟(ℓ𝑤2𝑖 , 𝑙𝑤2𝑖+1, 𝑡),𝑀𝑟(ℓ𝑤2𝑖 , 𝐴𝑤2𝑖 , 𝑡)

𝑀𝑟(ℓ𝑤2𝑖+1, 𝐵𝑤2𝑖+1, 𝑡),𝑀𝑟(ℓ𝑤2𝑖+1, 𝐴𝑤2𝑖 , 𝑡),𝑀𝑟(ℓ𝑤2𝑖 , 𝐵𝑤2𝑖+1, 𝑡)
} 

= 𝑚𝑖𝑛 {
𝑀𝑟(ℓ𝑤2𝑖 , 𝑙𝑤2𝑖+1, 𝑡),𝑀𝑟(ℓ𝑤2𝑖 , 𝑙𝑤2𝑖+1, 𝑡)

𝑀𝑟(ℓ𝑤2𝑖+1, 𝑙𝑤2𝑖+2, 𝑡),𝑀𝑟(ℓ𝑤2𝑖+1, 𝑙𝑤2𝑖+2, 𝑡),𝑀𝑟(ℓ𝑤2𝑖 , 𝑙𝑤2𝑖+2, 𝑡)
} 

       = 𝑚𝑖𝑛 {
𝑀𝑟(ℓ𝑤2𝑖 , 𝑙𝑤2𝑖+1, 𝑡), 𝑀𝑟(ℓ𝑤2𝑖+1, 𝑙𝑤2𝑖+2, 𝑡),

0,𝑀𝑟(ℓ𝑤2𝑖 , 𝑙𝑤2𝑖+2, 𝑡)
} = 0.  

𝑼(𝐴, 𝐵, ℓ, 𝑤2𝑖 , 𝑤2𝑖+1, 𝑡) 

= 𝑚𝑎𝑥 {
𝑁𝑟(ℓ𝑤2𝑖 , 𝑙𝑤2𝑖+1, 𝑡), 𝑁𝑟(ℓ𝑤2𝑖 , 𝐴𝑤2𝑖 , 𝑡)

𝑁𝑟(ℓ𝑤2𝑖+1, 𝐵𝑤2𝑖+1, 𝑡), 𝑁𝑟(ℓ𝑤2𝑖+1, 𝐴𝑤2𝑖 , 𝑡), 𝑁𝑟(ℓ𝑤2𝑖 , 𝐵𝑤2𝑖+1, 𝑡)
} 

= 𝑚𝑎𝑥 {
𝑁𝑟(ℓ𝑤2𝑖 , 𝑙𝑤2𝑖+1, 𝑡), 𝑁𝑟(ℓ𝑤2𝑖 , 𝑙𝑤2𝑖+1, 𝑡)

𝑁𝑟(ℓ𝑤2𝑖+1, 𝑙𝑤2𝑖+2, 𝑡), 𝑁𝑟(ℓ𝑤2𝑖+1, 𝑙𝑤2𝑖+2, 𝑡), 𝑁𝑟(ℓ𝑤2𝑖 , 𝑙𝑤2𝑖+2, 𝑡)
} 

            = 𝑚𝑎𝑥 {
𝑁𝑟(ℓ𝑤2𝑖 , 𝑙𝑤2𝑖+1, 𝑡), 𝑁𝑟(ℓ𝑤2𝑖+1, 𝑙𝑤2𝑖+2, 𝑡),

0, 𝑁𝑟(ℓ𝑤2𝑖 , 𝑙𝑤2𝑖+2, 𝑡)
} = 0.  

𝑼(𝐴, 𝐵, ℓ, 𝑤2𝑖 , 𝑤2𝑖+1, 𝑡) 

= 𝑚𝑎𝑥 {
𝑅𝑟(ℓ𝑤2𝑖 , 𝑙𝑤2𝑖+1, 𝑡), 𝑅𝑟(ℓ𝑤2𝑖 , 𝐴𝑤2𝑖 , 𝑡)

𝑅𝑟(ℓ𝑤2𝑖+1, 𝐵𝑤2𝑖+1, 𝑡), 𝑅𝑟(ℓ𝑤2𝑖+1, 𝐴𝑤2𝑖 , 𝑡), 𝑅𝑟(ℓ𝑤2𝑖 , 𝐵𝑤2𝑖+1, 𝑡)
} 

= 𝑚𝑎𝑥 {
𝑅𝑟(ℓ𝑤2𝑖 , 𝑙𝑤2𝑖+1, 𝑡), 𝑅𝑟(ℓ𝑤2𝑖 , 𝑙𝑤2𝑖+1, 𝑡)

𝑅𝑟(ℓ𝑤2𝑖+1, 𝑙𝑤2𝑖+2, 𝑡), 𝑅𝑟(ℓ𝑤2𝑖+1, 𝑙𝑤2𝑖+2, 𝑡), 𝑅𝑟(ℓ𝑤2𝑖 , 𝑙𝑤2𝑖+2, 𝑡)
} 

        = 𝑚𝑎𝑥 {
𝑅𝑟(ℓ𝑤2𝑖 , 𝑙𝑤2𝑖+1, 𝑡), 𝑅𝑟(ℓ𝑤2𝑖+1, 𝑙𝑤2𝑖+2, 𝑡),

0, 𝑅𝑟(ℓ𝑤2𝑖 , 𝑙𝑤2𝑖+2, 𝑡)
} = 0.                38                                                                           

From (37), (38), and by using Definition 2.2 (iv), for 𝑡 > 0, we obtain 

1

𝑀𝑟(ℓ𝑤2𝑖+1,ℓ𝑤2𝑖+2,𝑡)
− 1 ≤

{
 
 

 
 𝑎 (

1

𝑀𝑟(ℓ𝑤2𝑖,ℓ𝑤2𝑖+1,𝑡)
− 1)

+𝑐 (
1

𝑀𝑟(ℓ𝑤2𝑖,𝑙𝑤2𝑖+1,𝑡).𝑀𝑟(ℓ𝑤2𝑖+1,ℓ𝑤2𝑖+2,𝑡).𝑀𝑟(ℓ𝑤2𝑖,𝑙𝑤2𝑖+1,𝑡)

𝑀𝑟(ℓ𝑤2𝑖,𝑙𝑤2𝑖+1,𝑡).𝑀𝑟(ℓ𝑤2𝑖+1,𝑙𝑤2𝑖+2,𝑡)

− 1)

}
 
 

 
 

  

𝑁𝑟(ℓ𝑤2𝑖+1, ℓ𝑤2𝑖+2, 𝑡)  ≤ {
𝑎(𝑁𝑟(ℓ𝑤2𝑖 , ℓ𝑤2𝑖+1, 𝑡))

+𝑐 (
𝑁𝑟(ℓ𝑤2𝑖,𝑙𝑤2𝑖+1,𝑡).𝑁𝑟(ℓ𝑤2𝑖+1,ℓ𝑤2𝑖+2,𝑡).𝑁𝑟(ℓ𝑤2𝑖,𝑙𝑤2𝑖+1,𝑡)

𝑁𝑟(ℓ𝑤2𝑖,𝑙𝑤2𝑖+1,𝑡).𝑁𝑟(ℓ𝑤2𝑖+1,𝑙𝑤2𝑖+2,𝑡)
)
}  

𝑅𝑟(ℓ𝑤2𝑖+1, ℓ𝑤2𝑖+2, 𝑡)  ≤ {
𝑎(𝑅𝑟(ℓ𝑤2𝑖 , ℓ𝑤2𝑖+1, 𝑡))

+𝑐 (
𝑅𝑟(ℓ𝑤2𝑖,𝑙𝑤2𝑖+1,𝑡).𝑅𝑟(ℓ𝑤2𝑖+1,ℓ𝑤2𝑖+2,𝑡).𝑅𝑟(ℓ𝑤2𝑖,𝑙𝑤2𝑖+1,𝑡)

𝑅𝑟(ℓ𝑤2𝑖,𝑙𝑤2𝑖+1,𝑡).𝑅𝑟(ℓ𝑤2𝑖+1,𝑙𝑤2𝑖+2,𝑡)
)
}        39 
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After simplification, for 𝑡 > 0, 

𝑅𝑟(ℓ𝑤2𝑖+2, ℓ𝑤2𝑖+3, 𝑡) = 𝑅𝑟(𝐴𝑤2𝑖+2, 𝐵𝑤2𝑖+1, 𝑡) 

≤

{
 
 

 
 

𝑎(𝑅𝑟(ℓ𝑤2𝑖+2, ℓ𝑤2𝑖+1, 𝑡))

+𝑏(𝑈(𝐴, 𝐵, 𝑙, 𝑤2𝑖+2, 𝑤2𝑖+1, 𝑡))

+𝑐 (
𝑅𝑟(ℓ𝑤2𝑖+2, 𝐵𝑤2𝑖+1, 2𝑡). 𝑅𝑟(ℓ𝑤2𝑖+2, ℓ𝑤2𝑖+1, 𝑡). 𝑅𝑟(ℓ𝑤2𝑖+1, 𝐴𝑤2𝑖+2, 2𝑡)

𝑅𝑟(ℓ𝑤2𝑖+2, 𝐴𝑤2𝑖+2, 𝑡). 𝑅𝑟(ℓ𝑤2𝑖+1, 𝐵𝑤2𝑖+1, 𝑡)
)
}
 
 

 
 

 

                 = {
𝑎(𝑅𝑟(ℓ𝑤2𝑖+2, ℓ𝑤2𝑖+1, 𝑡)) + 𝑏(𝑈(𝐴, 𝐵, 𝑙, 𝑤2𝑖+2, 𝑤2𝑖+1, 𝑡))

+𝑐 (
𝑅𝑟(ℓ𝑤2𝑖+2,𝑙𝑤2𝑖+1,𝑡).𝑅𝑟(ℓ𝑤2𝑖+1,ℓ𝑤2𝑖+3,2𝑡)

𝑅𝑟(ℓ𝑤2𝑖+2,𝑙𝑤2𝑖+3,𝑡).𝑅𝑟(ℓ𝑤2𝑖+1,𝑙𝑤2𝑖+2,𝑡)
)

}                        41 

Where, 

𝑼(𝐴, 𝐵, ℓ, 𝑤2𝑖+2, 𝑤2𝑖+1, 𝑡) = 𝑚𝑖𝑛 {

𝑀𝑟(ℓ𝑤2𝑖+2, 𝑙𝑤2𝑖+1, 𝑡),𝑀𝑟(ℓ𝑤2𝑖+2, 𝐴𝑤2𝑖+2, 𝑡)

𝑀𝑟(ℓ𝑤2𝑖+1, 𝐵𝑤2𝑖+1, 𝑡),𝑀𝑟(ℓ𝑤2𝑖+1, 𝐴𝑤2𝑖+2, 𝑡),

𝑀𝑟(ℓ𝑤2𝑖+2, 𝐵𝑤2𝑖+1, 𝑡)
}  

           = 𝑚𝑖𝑛 {

𝑀𝑟(ℓ𝑤2𝑖+2, 𝑙𝑤2𝑖+1, 𝑡),𝑀𝑟(ℓ𝑤2𝑖+2, 𝑙𝑤2𝑖+3, 𝑡)

𝑀𝑟(ℓ𝑤2𝑖+1, 𝑙𝑤2𝑖+2, 𝑡),𝑀𝑟(ℓ𝑤2𝑖+2, 𝑙𝑤2𝑖+3, 𝑡),

𝑀𝑟(ℓ𝑤2𝑖+2, 𝑙𝑤2𝑖+2, 𝑡)
}  

       = 𝑚𝑖𝑛{𝑀𝑟(ℓ𝑤2𝑖+2, 𝑙𝑤2𝑖+1, 𝑡),𝑀𝑟(ℓ𝑤2𝑖+2, 𝑙𝑤2𝑖+3, 𝑡),𝑀𝑟(ℓ𝑤2𝑖+1, 𝑙𝑤2𝑖+3, 𝑡), 0}  

𝑼(𝐴, 𝐵, ℓ, 𝑤2𝑖+2, 𝑤2𝑖+1, 𝑡) = 𝑚𝑎𝑥 {

𝑁𝑟(ℓ𝑤2𝑖+2, 𝑙𝑤2𝑖+1, 𝑡), 𝑁𝑟(ℓ𝑤2𝑖+2, 𝐴𝑤2𝑖+2, 𝑡)

𝑁𝑟(ℓ𝑤2𝑖+1, 𝐵𝑤2𝑖+1, 𝑡), 𝑁𝑟(ℓ𝑤2𝑖+1, 𝐴𝑤2𝑖+2, 𝑡),

𝑁𝑟(ℓ𝑤2𝑖+2, 𝐵𝑤2𝑖+1, 𝑡)
}  

             = 𝑚𝑎𝑥 {

𝑁𝑟(ℓ𝑤2𝑖+2, 𝑙𝑤2𝑖+1, 𝑡), 𝑁𝑟(ℓ𝑤2𝑖+2, 𝑙𝑤2𝑖+3, 𝑡)

𝑁𝑟(ℓ𝑤2𝑖+1, 𝑙𝑤2𝑖+2, 𝑡), 𝑁𝑟(ℓ𝑤2𝑖+2, 𝑙𝑤2𝑖+3, 𝑡),

𝑁𝑟(ℓ𝑤2𝑖+2, 𝑙𝑤2𝑖+2, 𝑡)
}  

        = 𝑚𝑎𝑥{𝑁𝑟(ℓ𝑤2𝑖+2, 𝑙𝑤2𝑖+1, 𝑡), 𝑁𝑟(ℓ𝑤2𝑖+2, 𝑙𝑤2𝑖+3, 𝑡), 𝑁𝑟(ℓ𝑤2𝑖+1, 𝑙𝑤2𝑖+3, 𝑡), 0}  

𝑼(𝐴, 𝐵, ℓ, 𝑤2𝑖+2, 𝑤2𝑖+1, 𝑡) = 𝑚𝑎𝑥 {

𝑅𝑟(ℓ𝑤2𝑖+2, 𝑙𝑤2𝑖+1, 𝑡), 𝑅𝑟(ℓ𝑤2𝑖+2, 𝐴𝑤2𝑖+2, 𝑡)

𝑅𝑟(ℓ𝑤2𝑖+1, 𝐵𝑤2𝑖+1, 𝑡), 𝑅𝑟(ℓ𝑤2𝑖+1, 𝐴𝑤2𝑖+2, 𝑡),

𝑅𝑟(ℓ𝑤2𝑖+2, 𝐵𝑤2𝑖+1, 𝑡)
}  

           = 𝑚𝑎𝑥 {
𝑅𝑟(ℓ𝑤2𝑖+2, 𝑙𝑤2𝑖+1, 𝑡), 𝑅𝑟(ℓ𝑤2𝑖+2, 𝑙𝑤2𝑖+3, 𝑡)

𝑅𝑟(ℓ𝑤2𝑖+1, 𝑙𝑤2𝑖+2, 𝑡), 𝑅𝑟(ℓ𝑤2𝑖+2, 𝑙𝑤2𝑖+3, 𝑡), 𝑅𝑟(ℓ𝑤2𝑖+2, 𝑙𝑤2𝑖+2, 𝑡)
}  

    = 𝑚𝑎𝑥{𝑅𝑟(ℓ𝑤2𝑖+2, 𝑙𝑤2𝑖+1, 𝑡), 𝑅𝑟(ℓ𝑤2𝑖+2, 𝑙𝑤2𝑖+3, 𝑡), 𝑅𝑟(ℓ𝑤2𝑖+1, 𝑙𝑤2𝑖+3, 𝑡), 0}         42                                                                                                

Now from (41), (42), and by using Definition 2.2 (iv), 

1

𝑀𝑟(ℓ𝑤2𝑖+2,ℓ𝑤2𝑖+3,𝑡)
− 1 ≤ {

𝑎(𝑀𝑟(ℓ𝑤2𝑖+2, ℓ𝑤2𝑖+1, 𝑡))

+𝑐 (
𝑀𝑟(ℓ𝑤2𝑖+2,𝑙𝑤2𝑖+1,𝑡).𝑀𝑟(ℓ𝑤2𝑖+1,ℓ𝑤2𝑖+2,𝑡).𝑀𝑟(ℓ𝑤2𝑖+2,𝑙𝑤2𝑖+3,𝑡)

𝑀𝑟(ℓ𝑤2𝑖+2,𝑙𝑤2𝑖+3,𝑡).𝑀𝑟(ℓ𝑤2𝑖+1,𝑙𝑤2𝑖+2,𝑡)
)
}  

𝑁𝑟(ℓ𝑤2𝑖+2, ℓ𝑤2𝑖+3, 𝑡) ≤ {
𝑎(𝑁𝑟(ℓ𝑤2𝑖+2, ℓ𝑤2𝑖+1, 𝑡))

+𝑐 (
𝑁𝑟(ℓ𝑤2𝑖+2,𝑙𝑤2𝑖+1,𝑡).𝑁𝑟(ℓ𝑤2𝑖+1,ℓ𝑤2𝑖+2,𝑡).𝑁𝑟(ℓ𝑤2𝑖+2,𝑙𝑤2𝑖+3,𝑡)

𝑁𝑟(ℓ𝑤2𝑖+2,𝑙𝑤2𝑖+3,𝑡).𝑁𝑟(ℓ𝑤2𝑖+1,𝑙𝑤2𝑖+2,𝑡)
)
}  

𝑅𝑟(ℓ𝑤2𝑖+2, ℓ𝑤2𝑖+3, 𝑡) ≤ {
𝑎(𝑅𝑟(ℓ𝑤2𝑖+2, ℓ𝑤2𝑖+1, 𝑡))

+𝑐 (
𝑅𝑟(ℓ𝑤2𝑖+2,𝑙𝑤2𝑖+1,𝑡).𝑅𝑟(ℓ𝑤2𝑖+1,ℓ𝑤2𝑖+2,𝑡).𝑅𝑟(ℓ𝑤2𝑖+2,𝑙𝑤2𝑖+3,𝑡)

𝑅𝑟(ℓ𝑤2𝑖+2,𝑙𝑤2𝑖+3,𝑡).𝑅𝑟(ℓ𝑤2𝑖+1,𝑙𝑤2𝑖+2,𝑡)
)
}         43 

Then after simplification, for 𝑡 > 0, 
1

𝑀𝑟(ℓ𝑤2𝑖+2,ℓ𝑤2𝑖+3,𝑡)
− 1 ≤  𝜁 (

1

𝑀𝑟(ℓ𝑤2𝑖+1,ℓ𝑤2𝑖+2,𝑡)
− 1) where 𝜁 = (𝑎 +  𝑐) < 1  

𝑁𝑟(ℓ𝑤2𝑖+2, ℓ𝑤2𝑖+3, 𝑡) ≤  𝜁(𝑁𝑟(ℓ𝑤2𝑖+1, ℓ𝑤2𝑖+2, 𝑡)) where 𝜁 = (𝑎 +  𝑐) < 1  

𝑅𝑟(ℓ𝑤2𝑖+2, ℓ𝑤2𝑖+3, 𝑡) ≤  𝜁(𝑅𝑟(ℓ𝑤2𝑖+1, ℓ𝑤2𝑖+2, 𝑡)) where 𝜁 = (𝑎 +  𝑐) < 1          44 

Now, from (40), (44), and by induction, 

𝑅𝑟(ℓ𝑤2𝑖+2, ℓ𝑤2𝑖+3, 𝑡) ≤  𝜁(𝑅𝑟(𝑙𝑤2𝑖+1, 𝑙𝑤2𝑖+2, 𝑡)) 

                                     ≤ 𝜁2(𝑅𝑟(ℓ𝑤2𝑖 , ℓ𝑤2𝑖+1, 𝑡))  

                     ≤ ⋯ ≤ 𝜁2𝑖+2(𝑅𝑟(ℓ𝑤0, ℓ𝑤1 , 𝑡)) ⟶ 0 𝑎𝑠  𝑖 ⟶ ∞.        45 

Hence, (ℓ𝑤𝑖) is a neutrosophic-contractive sequence in (ℌ,Mr, 𝑁r, 𝑅r,∗,⨁,⊙), therefore, 

lim
𝑖→∞

𝑀𝑟(ℓ𝑤𝑖 , ℓ𝑤𝑖−1, 𝑡) = 1 𝑓𝑜𝑟 𝑡 > 0, lim
𝑖→∞

𝑁𝑟(ℓ𝑤𝑖 , ℓ𝑤𝑖−1, 𝑡) = 0 𝑓𝑜𝑟 𝑡 > 0 and   

lim
𝑖→∞

𝑅𝑟(ℓ𝑤𝑖 , ℓ𝑤𝑖−1, 𝑡) = 0 𝑓𝑜𝑟 𝑡 > 0           46 

Since 𝑀𝑟 , 𝑁𝑟 , 𝑅𝑟 is triangular, 𝑗 >  𝑖 > 𝑖0, 
1

𝑀𝑟(ℓ𝑤𝑖 , ℓ𝑤𝑗 , 𝑡)
− 1 ≤  {

𝑀𝑟(𝑙𝑤𝑖 , 𝑙𝑤𝑖+1, 𝑡) + 𝑀𝑟(𝑙𝑤𝑖+1, 𝑙𝑤𝑖+2, 𝑡)

+⋯+𝑀𝑟(𝑙𝑤𝑖−1, 𝑙𝑤𝑗 , 𝑡)
} 
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≤ {
𝜁𝑖(𝑀𝑟(ℓ𝑤𝑖 , ℓ𝑤𝑖+1, 𝑡)) + 𝜁

𝑖+1(𝑀𝑟(ℓ𝑤𝑖+1, ℓ𝑤𝑖+2, 𝑡))

+⋯+ 𝜁𝑗−1 (𝑀𝑟(ℓ𝑤𝑖−1, ℓ𝑤𝑗 , 𝑡))
} 

                          ≤ (𝜁𝑖 + 𝜁𝑖+1 +⋯+ 𝜁𝑗−1)(𝑀𝑟(ℓ𝑤0, ℓ𝑤1, 𝑡))  

                          ≤ (
𝜁𝑖

1 − 𝜁
) (𝑀𝑟(ℓ𝑤0, ℓ𝑤1, 𝑡)) ⟶ 0 𝑎𝑠  𝑖 ⟶ ∞  

𝑁𝑟(ℓ𝑤𝑖 , ℓ𝑤𝑗 , 𝑡) ≤  {
𝑁𝑟(𝑙𝑤𝑖 , 𝑙𝑤𝑖+1, 𝑡) + 𝑁𝑟(𝑙𝑤𝑖+1, 𝑙𝑤𝑖+2, 𝑡)

+⋯+ 𝑁𝑟(𝑙𝑤𝑖−1, 𝑙𝑤𝑗 , 𝑡)
} 

≤ {
𝜁𝑖(𝑁𝑟(ℓ𝑤𝑖 , ℓ𝑤𝑖+1, 𝑡)) + 𝜁

𝑖+1(𝑁𝑟(ℓ𝑤𝑖+1, ℓ𝑤𝑖+2, 𝑡))

+⋯+ 𝜁𝑗−1 (𝑁𝑟(ℓ𝑤𝑖−1, ℓ𝑤𝑗 , 𝑡))
} 

                          ≤ (𝜁𝑖 + 𝜁𝑖+1 +⋯+ 𝜁𝑗−1)(𝑁𝑟(ℓ𝑤0, ℓ𝑤1, 𝑡))  

                         ≤ (
𝜁𝑖

1 − 𝜁
) (𝑁𝑟(ℓ𝑤0, ℓ𝑤1, 𝑡)) ⟶ 0 𝑎𝑠  𝑖 ⟶ ∞. 

𝑅𝑟(ℓ𝑤𝑖 , ℓ𝑤𝑗 , 𝑡) ≤  {
𝑅𝑟(𝑙𝑤𝑖 , 𝑙𝑤𝑖+1, 𝑡) + 𝑅𝑟(𝑙𝑤𝑖+1, 𝑙𝑤𝑖+2, 𝑡)

+⋯+ 𝑅𝑟(𝑙𝑤𝑖−1, 𝑙𝑤𝑗 , 𝑡)
} 

≤ {
𝜁𝑖(𝑅𝑟(ℓ𝑤𝑖 , ℓ𝑤𝑖+1, 𝑡)) + 𝜁

𝑖+1(𝑅𝑟(ℓ𝑤𝑖+1, ℓ𝑤𝑖+2, 𝑡))

+⋯+ 𝜁𝑗−1 (𝑅𝑟(ℓ𝑤𝑖−1, ℓ𝑤𝑗 , 𝑡))
} 

                           ≤ (𝜁𝑖 + 𝜁𝑖+1 +⋯+ 𝜁𝑗−1)(𝑅𝑟(ℓ𝑤0, ℓ𝑤1, 𝑡))  

                           ≤ (
𝜁𝑖

1 − 𝜁
) (𝑅𝑟(ℓ𝑤0, ℓ𝑤1, 𝑡)) ⟶ 0 𝑎𝑠  𝑖 ⟶ ∞.         47 

This shows that (ℓ𝑤𝑖) is a Cauchy sequence and ℓ(𝑊) is a complete subspace of W. Hence, ∃ 𝑢, 𝑣 ∈ 𝑊such that  ℓ𝑤𝑖 ⟶
𝑢 =  ℓ𝑣 𝑎𝑠 𝑖 ⟶ ∞, 𝑖. 𝑒. 
lim
𝑖→∞

𝑀𝑟(𝑢, ℓ𝑤𝑖 , 𝑡) = 𝑀𝑟(𝑢, ℓ𝑣, 𝑡) = 1 𝑓𝑜𝑟 𝑡 > 0, 

lim
𝑖→∞

𝑁𝑟(𝑢, ℓ𝑤𝑖 , 𝑡) = 𝑁𝑟(𝑢, ℓ𝑣, 𝑡) = 0 𝑓𝑜𝑟 𝑡 > 0 and 

lim
𝑖→∞

𝑅𝑟(𝑢, ℓ𝑤𝑖 , 𝑡) = 𝑅𝑟(𝑢, ℓ𝑣, 𝑡) = 0 𝑓𝑜𝑟 𝑡 > 0.                 48 

Since 𝑀𝑟 , 𝑁𝑟 , 𝑅𝑟 is triangular, 
1

𝑀𝑟(ℓ𝑣,𝐴𝑣,𝑡)
− 1 ≤  (

1

𝑀𝑟(𝑙𝑣,𝑙𝑤2𝑖+2,𝑡)
− 1) + (

1

𝑀𝑟(𝑙𝑤2𝑖+2,𝐴𝑣,𝑡)
− 1)  𝑓𝑜𝑟 𝑡 > 0,  

𝑁𝑟(ℓ𝑣, 𝐴𝑣, 𝑡) ≤  (𝑁𝑟(𝑙𝑣, 𝑙𝑤2𝑖+2, 𝑡))  + (𝑁𝑟(𝑙𝑤2𝑖+2, 𝐴𝑣, 𝑡)) 𝑓𝑜𝑟 𝑡 > 0,  

𝑅𝑟(ℓ𝑣, 𝐴𝑣, 𝑡) ≤  (𝑅𝑟(𝑙𝑣, 𝑙𝑤2𝑖+2, 𝑡))  + (𝑅𝑟(𝑙𝑤2𝑖+2, 𝐴𝑣, 𝑡)) 𝑓𝑜𝑟 𝑡 > 0.              3.49 

Now, from (34), (46), (48), and by using Definition 2.2 (iv), for 𝑡 > 0, we have that 
1

𝑀𝑟(ℓ𝑤2𝑖+2, 𝐴𝑣, 𝑡)
− 1 =

1

𝑀𝑟(𝐴𝑣, 𝐵𝑤2𝑖+1, 𝑡)
− 1 

 

                     ≤ {
𝑎(𝑀𝑟(ℓ𝑣, ℓ𝑤2𝑖+1, 𝑡)) + 𝑏(𝑈(𝐴, 𝐵, 𝑙, 𝑣, 𝑤2𝑖+1, 𝑡))

+𝑐 (
𝑀𝑟(ℓ𝑣,𝑙𝑤2𝑖+2,𝑡).𝑀𝑟(ℓ𝑣,ℓ𝑤2𝑖+1,𝑡).𝑀𝑟(ℓ𝑤2𝑖+1,ℓ𝑣,𝑡).𝑀𝑟(ℓ𝑣,𝐴𝑣,𝑡)

𝑀𝑟(ℓ𝑣,𝐴𝑣,𝑡).𝑀𝑟(ℓ𝑤2𝑖+1,𝑙𝑤2𝑖+2,𝑡)
)
}  

                     → 𝑏(𝑈(𝐴, 𝐵, 𝑙, 𝑣, 𝑤2𝑖+1, 𝑡)) 𝑎𝑠 𝑡 → ∞.  
𝑁𝑟(ℓ𝑤2𝑖+2, 𝐴𝑣, 𝑡) = 𝑁𝑟(𝐴𝑣, 𝐵𝑤2𝑖+1, 𝑡) 

                    ≤ {
𝑎(𝑁𝑟(ℓ𝑣, ℓ𝑤2𝑖+1, 𝑡)) + 𝑏(𝑈(𝐴, 𝐵, 𝑙, 𝑣, 𝑤2𝑖+1, 𝑡))

+𝑐 (
𝑁𝑟(ℓ𝑣,𝐵𝑤2𝑖+1,2𝑡).𝑁𝑟(ℓ𝑣,ℓ𝑤2𝑖+1,𝑡).𝑁𝑟(ℓ𝑤2𝑖+1,𝐴𝑣,2𝑡)

𝑁𝑟(ℓ𝑣,𝐴𝑣,𝑡).𝑁𝑟(ℓ𝑤2𝑖+1,𝐵𝑤2𝑖+1,𝑡)
)
}  

                    ≤ {
𝑎(𝑁𝑟(ℓ𝑣, ℓ𝑤2𝑖+1, 𝑡)) + 𝑏(𝑈(𝐴, 𝐵, 𝑙, 𝑣, 𝑤2𝑖+1, 𝑡))

+𝑐 (
𝑁𝑟(ℓ𝑣,𝑙𝑤2𝑖+2,𝑡).𝑁𝑟(ℓ𝑣,ℓ𝑤2𝑖+1,𝑡).𝑁𝑟(ℓ𝑤2𝑖+1,ℓ𝑣,𝑡).𝑁𝑟(ℓ𝑣,𝐴𝑣,𝑡)

𝑁𝑟(ℓ𝑣,𝐴𝑣,𝑡).𝑁𝑟(ℓ𝑤2𝑖+1,𝑙𝑤2𝑖+2,𝑡)
)
}  

                    → 𝑏(𝑈(𝐴, 𝐵, 𝑙, 𝑣, 𝑤2𝑖+1, 𝑡)) 𝑎𝑠 𝑡 → ∞. 

𝑅𝑟(ℓ𝑤2𝑖+2, 𝐴𝑣, 𝑡) = 𝑅𝑟(𝐴𝑣, 𝐵𝑤2𝑖+1, 𝑡) 

                    ≤ {
𝑎(𝑅𝑟(ℓ𝑣, ℓ𝑤2𝑖+1, 𝑡)) + 𝑏(𝑈(𝐴, 𝐵, 𝑙, 𝑣, 𝑤2𝑖+1, 𝑡))

+𝑐 (
𝑅𝑟(ℓ𝑣,𝐵𝑤2𝑖+1,2𝑡).𝑅𝑟(ℓ𝑣,ℓ𝑤2𝑖+1,𝑡).𝑅𝑟(ℓ𝑤2𝑖+1,𝐴𝑣,2𝑡)

𝑅𝑟(ℓ𝑣,𝐴𝑣,𝑡).𝑅𝑟(ℓ𝑤2𝑖+1,𝐵𝑤2𝑖+1,𝑡)
)
}  

                  ≤ {
𝑎(𝑅𝑟(ℓ𝑣, ℓ𝑤2𝑖+1, 𝑡)) + 𝑏(𝑈(𝐴, 𝐵, 𝑙, 𝑣, 𝑤2𝑖+1, 𝑡))

+𝑐 (
𝑅𝑟(ℓ𝑣,𝑙𝑤2𝑖+2,𝑡).𝑅𝑟(ℓ𝑣,ℓ𝑤2𝑖+1,𝑡).𝑅𝑟(ℓ𝑤2𝑖+1,ℓ𝑣,𝑡).𝑅𝑟(ℓ𝑣,𝐴𝑣,𝑡)

𝑅𝑟(ℓ𝑣,𝐴𝑣,𝑡).𝑅𝑟(ℓ𝑤2𝑖+1,𝑙𝑤2𝑖+2,𝑡)
)
}  

                 → 𝑏(𝑈(𝐴, 𝐵, 𝑙, 𝑣, 𝑤2𝑖+1, 𝑡)) 𝑎𝑠 𝑡 → ∞.                  50   

Where, 
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 𝑈(𝐴, 𝐵, 𝑙, 𝑣, 𝑤2𝑖+1, 𝑡) = 𝑚𝑖𝑛 {

𝑀𝑟(ℓ𝑣, 𝑙𝑤2𝑖+1, 𝑡),𝑀𝑟(ℓ𝑣, 𝐴𝑣, 𝑡)

𝑀𝑟(ℓ𝑤2𝑖+1, 𝐵𝑤2𝑖+1, 𝑡),

𝑀𝑟(ℓ𝑤2𝑖+1, 𝐴𝑣, 𝑡),𝑀𝑟(ℓ𝑣, 𝐵𝑤2𝑖+1, 𝑡)
}  

= 𝑚𝑖𝑛 {
𝑀𝑟(ℓ𝑣, 𝑙𝑤2𝑖+1, 𝑡),𝑀𝑟(𝑙𝑣, 𝐴𝑣, 𝑡)

𝑀𝑟(ℓ𝑤2𝑖+1, 𝑙𝑤2𝑖+2, 𝑡),𝑀𝑟(ℓ𝑤2𝑖+1, 𝐴𝑣, 𝑡),𝑀𝑟(ℓ𝑣, 𝑙𝑤2𝑖+2, 𝑡)
} 

        → 𝑚𝑖𝑛{0,𝑀𝑟(𝑙𝑣, 𝐴𝑣, 𝑡)} = 0 𝑎𝑠 𝑖 → ∞.        
 

= 𝑚𝑎𝑥 {
𝑁𝑟(ℓ𝑣, 𝑙𝑤2𝑖+1, 𝑡), 𝑁𝑟(𝑙𝑣, 𝐴𝑣, 𝑡)

𝑁𝑟(ℓ𝑤2𝑖+1, 𝑙𝑤2𝑖+2, 𝑡), 𝑁𝑟(ℓ𝑤2𝑖+1, 𝐴𝑣, 𝑡), 𝑁𝑟(ℓ𝑣, 𝑙𝑤2𝑖+2, 𝑡)
} 

            → 𝑚𝑎𝑥{0, 𝑁𝑟(𝑙𝑣, 𝐴𝑣, 𝑡)} = 0 𝑎𝑠 𝑖 → ∞.        

 𝑈(𝐴, 𝐵, 𝑙, 𝑣, 𝑤2𝑖+1, 𝑡) = 𝑚𝑎𝑥 {

𝑅𝑟(ℓ𝑣, 𝑙𝑤2𝑖+1, 𝑡), 𝑅𝑟(ℓ𝑣, 𝐴𝑣, 𝑡)

𝑅𝑟(ℓ𝑤2𝑖+1, 𝐵𝑤2𝑖+1, 𝑡),

𝑅𝑟(ℓ𝑤2𝑖+1, 𝐴𝑣, 𝑡), 𝑅𝑟(ℓ𝑣, 𝐵𝑤2𝑖+1, 𝑡)
}  

= 𝑚𝑎𝑥 {
𝑅𝑟(ℓ𝑣, 𝑙𝑤2𝑖+1, 𝑡), 𝑅𝑟(𝑙𝑣, 𝐴𝑣, 𝑡)

𝑅𝑟(ℓ𝑤2𝑖+1, 𝑙𝑤2𝑖+2, 𝑡), 𝑅𝑟(ℓ𝑤2𝑖+1, 𝐴𝑣, 𝑡), 𝑅𝑟(ℓ𝑣, 𝑙𝑤2𝑖+2, 𝑡)
} 

      → 𝑚𝑎𝑥{0, 𝑅𝑟(𝑙𝑣, 𝐴𝑣, 𝑡)} = 0 𝑎𝑠 𝑖 → ∞.                     51 

Now from (50) and (51), for 𝑡 > 0, we have, 

lim
𝑖→∞

𝑖𝑛𝑓(𝑀𝑟(𝑙𝑤2𝑖+2, 𝐴𝑣, 𝑡)) 𝑓𝑜𝑟 𝑡 > 0 , lim
𝑖→∞

𝑖𝑛𝑓(𝑁𝑟(𝑙𝑤2𝑖+2, 𝐴𝑣, 𝑡)) 𝑓𝑜𝑟 𝑡 > 0    

lim
𝑖→∞

𝑖𝑛𝑓(𝑅𝑟(𝑙𝑤2𝑖+2, 𝐴𝑣, 𝑡)) 𝑓𝑜𝑟 𝑡 > 0.                 52         

By using the value (48) and (52) in (49) with limit 𝑖 ⟶ ∞, we get that 
1

𝑀𝑟(ℓ𝑣,𝐴𝑣,𝑡)
= 0, 𝑢 = ℓ𝑣 = 𝐴𝑣 𝑓𝑜𝑟 𝑡 > 0, 

𝑁𝑟(ℓ𝑣, 𝐴𝑣, 𝑡) = 0 ⇒ 𝑢 = ℓ𝑣 = 𝐴𝑣 𝑓𝑜𝑟 𝑡 > 0 and  

𝑅𝑟(ℓ𝑣, 𝐴𝑣, 𝑡) = 0 ⇒ 𝑢 = ℓ𝑣 = 𝐴𝑣 𝑓𝑜𝑟 𝑡 > 0.  
Next, to prove that  𝑢 =  ℓ𝑣 =  𝐵𝑣. Since, 𝑀𝑟 , 𝑁𝑟 , 𝑅𝑟is triangular, 

1

𝑀𝑟(ℓ𝑣,𝐵𝑣,𝑡)
− 1 ≤

1

𝑀𝑟(𝑙𝑣,𝑙𝑤2𝑖+1,𝑡)
− 1 +

1

𝑀𝑟(𝑙𝑤2𝑖+1,𝐵𝑣,𝑡)
− 1, 𝑓𝑜𝑟 𝑡 > 0,   

𝑁𝑟(ℓ𝑣, 𝐵𝑣, 𝑡) ≤  𝑁𝑟(𝑙𝑣, 𝑙𝑤2𝑖+1, 𝑡) + 𝑁𝑟(𝑙𝑤2𝑖+1, 𝐵𝑣, 𝑡), 𝑓𝑜𝑟 𝑡 > 0 and 

𝑅𝑟(ℓ𝑣, 𝐵𝑣, 𝑡) ≤  𝑅𝑟(𝑙𝑣, 𝑙𝑤2𝑖+1, 𝑡) + 𝑅𝑟(𝑙𝑤2𝑖+1, 𝐵𝑣, 𝑡), 𝑓𝑜𝑟 𝑡 > 0.                53 

Now, from (34), (46), (48), and by Definition 2.2 (iv), for 𝑡 > 0, we have that 
1

𝑀𝑟(ℓ𝑤2𝑖+1, 𝐵𝑣, 𝑡)
− 1 =

1

𝑀𝑟(𝐴𝑤2𝑖 , 𝐵𝑣, 𝑡)
− 1 

≤ {

𝑎(𝑀𝑟(ℓ𝑤2𝑖 , 𝑙𝑣, 𝑡)) + 𝑏(𝑈(𝐴, 𝐵, 𝑙, 𝑤2𝑖 , 𝑣, 𝑡))

+𝑐 (
𝑀𝑟(ℓ𝑤2𝑖 , 𝐵𝑣, 2𝑡).𝑀𝑟(ℓ𝑤2𝑖 , ℓ𝑤2𝑖 , 𝑡).𝑀𝑟(ℓ𝑣, 𝐴𝑤2𝑖 , 2𝑡)

𝑀𝑟(ℓ𝑤2𝑖 , 𝐴𝑤2𝑖 , 𝑡).𝑀𝑟(ℓ𝑣, 𝐵𝑣, 𝑡)
)
} 

  ≤ {
𝑎 (𝑀𝑟(ℓ𝑤2𝑖 , ℓ𝑣, 𝑡)) + 𝑏(𝑈(𝐴, 𝐵, 𝑙, 𝑤2𝑖 , 𝑣, 𝑡))

+𝑐 (
𝑀𝑟(ℓ𝑤2𝑖,𝑙𝑣,𝑡).𝑀𝑟(ℓ𝑣,𝐵𝑣,𝑡).𝑀𝑟(ℓ𝑤2𝑖,ℓ𝑣,𝑡).𝑀𝑟(ℓ𝑣,ℓ𝑤2𝑖+1,𝑡)

𝑀𝑟(ℓ𝑤2𝑖,ℓ𝑤2𝑖+1,𝑡).𝑀𝑟(𝑙𝑣,𝐵𝑣,𝑡)
)
}  

  → 𝑏 (
1

𝑈(𝐴,𝐵,𝑙,𝑣,𝑤2𝑖,𝑡)
− 1)  𝑎𝑠 𝑡 → ∞.    

𝑁𝑟(ℓ𝑤2𝑖+1, 𝐵𝑣, 𝑡) = 𝑁𝑟(𝐴𝑤2𝑖 , 𝐵𝑣, 𝑡) 

       ≤ {
𝑎 (𝑁𝑟(ℓ𝑤2𝑖 , ℓ𝑣, 𝑡)) + 𝑏(𝑈(𝐴,𝐵, 𝑙, 𝑤2𝑖 , 𝑣, 𝑡))

+𝑐 (
𝑁𝑟(ℓ𝑤2𝑖,𝑙𝑣,𝑡).𝑁𝑟(ℓ𝑣,𝐵𝑣,𝑡).𝑁𝑟(ℓ𝑤2𝑖,ℓ𝑣,𝑡).𝑁𝑟(ℓ𝑣,ℓ𝑤2𝑖+1,𝑡)

𝑁𝑟(ℓ𝑤2𝑖,ℓ𝑤2𝑖+1,𝑡).𝑁𝑟(𝑙𝑣,𝐵𝑣,𝑡)
)
}  

        → 𝑏(𝑈(𝐴, 𝐵, 𝑙, 𝑣, 𝑤2𝑖 , 𝑡)) 𝑎𝑠 𝑡 → ∞. 

𝑅𝑟(ℓ𝑤2𝑖+1, 𝐵𝑣, 𝑡) = 𝑅𝑟(𝐴𝑤2𝑖 , 𝐵𝑣, 𝑡) 

≤ {

𝑎(𝑅𝑟(ℓ𝑤2𝑖 , 𝑙𝑣, 𝑡)) + 𝑏(𝑈(𝐴, 𝐵, 𝑙, 𝑤2𝑖 , 𝑣, 𝑡))

+𝑐 (
𝑅𝑟(ℓ𝑤2𝑖 , 𝐵𝑣, 2𝑡). 𝑅𝑟(ℓ𝑤2𝑖 , ℓ𝑤2𝑖 , 𝑡). 𝑅𝑟(ℓ𝑣, 𝐴𝑤2𝑖 , 2𝑡)

𝑅𝑟(ℓ𝑤2𝑖 , 𝐴𝑤2𝑖 , 𝑡). 𝑅𝑟(ℓ𝑣, 𝐵𝑣, 𝑡)
)
} 

 ≤ {
𝑎 (𝑅𝑟(ℓ𝑤2𝑖 , ℓ𝑣, 𝑡)) + 𝑏(𝑈(𝐴, 𝐵, 𝑙, 𝑤2𝑖 , 𝑣, 𝑡))

+𝑐 (
𝑅𝑟(ℓ𝑤2𝑖,𝑙𝑣,𝑡).𝑅𝑟(ℓ𝑣,𝐵𝑣,𝑡).𝑅𝑟(ℓ𝑤2𝑖,ℓ𝑣,𝑡).𝑅𝑟(ℓ𝑣,ℓ𝑤2𝑖+1,𝑡)

𝑅𝑟(ℓ𝑤2𝑖,ℓ𝑤2𝑖+1,𝑡).𝑅𝑟(𝑙𝑣,𝐵𝑣,𝑡)
)
}  

 → 𝑏(𝑈(𝐴, 𝐵, 𝑙, 𝑣, 𝑤2𝑖 , 𝑡)) 𝑎𝑠 𝑡 → ∞.            54  

Where, 

𝑈(𝐴, 𝐵, 𝑙, 𝑤2𝑖 , 𝑣, 𝑡) = 𝑚𝑖𝑛 {
𝑀𝑟(𝑙𝑤2𝑖 , 𝑙𝑣, 𝑡),𝑀𝑟(𝑙𝑤2𝑖 , 𝐴𝑤2𝑖 , 𝑡)

𝑀𝑟(ℓ𝑣, 𝐵𝑣, 𝑡),𝑀𝑟(𝑙𝑣, 𝑙𝐴, 𝑡),𝑀𝑟(𝑙𝑤2𝑖 , 𝐵𝑣, 𝑡)
} 

= 𝑚𝑖𝑛 {
𝑀𝑟(𝑙𝑤2𝑖 , 𝑙𝑣, 𝑡),𝑀𝑟(𝑙𝑤2𝑖 , 𝑙𝑤2𝑖+1, 𝑡)

𝑀𝑟(𝑙𝑣, 𝐵𝑣, 𝑡),𝑀𝑟(ℓ𝑣, 𝑙𝑤2𝑖+1, 𝑡),𝑀𝑟(𝑙𝑤2𝑖 , 𝐵𝑣, 𝑡)
} 
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  → 𝑚𝑖𝑛{0,𝑀𝑟(𝑙𝑣, 𝐵𝑣, 𝑡)} = 0 𝑎𝑠 𝑖 → ∞        

𝑈(𝐴, 𝐵, 𝑙, 𝑤2𝑖 , 𝑣, 𝑡) = 𝑚𝑎𝑥 {
𝑁𝑟(𝑙𝑤2𝑖 , 𝑙𝑣, 𝑡), 𝑁𝑟(𝑙𝑤2𝑖 , 𝐴𝑤2𝑖 , 𝑡)

𝑁𝑟(ℓ𝑣, 𝐵𝑣, 𝑡), 𝑁𝑟(𝑙𝑣, 𝑙𝐴, 𝑡), 𝑁𝑟(𝑙𝑤2𝑖 , 𝐵𝑣, 𝑡)
} 

= 𝑚𝑎𝑥 {
𝑁𝑟(𝑙𝑤2𝑖 , 𝑙𝑣, 𝑡), 𝑁𝑟(𝑙𝑤2𝑖 , 𝑙𝑤2𝑖+1, 𝑡)

𝑁𝑟(𝑙𝑣, 𝐵𝑣, 𝑡), 𝑁𝑟(ℓ𝑣, 𝑙𝑤2𝑖+1, 𝑡), 𝑁𝑟(𝑙𝑤2𝑖 , 𝐵𝑣, 𝑡)
} 

  → 𝑚𝑎𝑥{0, 𝑁𝑟(𝑙𝑣, 𝐵𝑣, 𝑡)} = 0 𝑎𝑠 𝑖 → ∞        

𝑈(𝐴, 𝐵, 𝑙, 𝑤2𝑖 , 𝑣, 𝑡) = 𝑚𝑎𝑥 {
𝑅𝑟(𝑙𝑤2𝑖 , 𝑙𝑣, 𝑡), 𝑅𝑟(𝑙𝑤2𝑖 , 𝐴𝑤2𝑖 , 𝑡)

𝑅𝑟(ℓ𝑣, 𝐵𝑣, 𝑡), 𝑅𝑟(𝑙𝑣, 𝑙𝐴, 𝑡), 𝑅𝑟(𝑙𝑤2𝑖 , 𝐵𝑣, 𝑡)
} 

= 𝑚𝑎𝑥 {
𝑅𝑟(𝑙𝑤2𝑖 , 𝑙𝑣, 𝑡), 𝑅𝑟(𝑙𝑤2𝑖 , 𝑙𝑤2𝑖+1, 𝑡)

𝑅𝑟(𝑙𝑣, 𝐵𝑣, 𝑡), 𝑅𝑟(ℓ𝑣, 𝑙𝑤2𝑖+1, 𝑡), 𝑅𝑟(𝑙𝑤2𝑖 , 𝐵𝑣, 𝑡)
} 

  → 𝑚𝑎𝑥{0, 𝑅𝑟(𝑙𝑣, 𝐵𝑣, 𝑡)} = 0 𝑎𝑠 𝑖 → ∞.                         55 

Now from (54) and (55), for 𝑡 > 0, lim
𝑖→∞

 𝑠𝑢𝑝(𝑀𝑟(𝑙𝑤2𝑖+1, 𝐵𝑣, 𝑡)) 𝑓𝑜𝑟 𝑡 > 0, 

lim
𝑖→∞

 𝑖𝑛𝑓(𝑁𝑟(𝑙𝑤2𝑖+1, 𝐵𝑣, 𝑡)) 𝑓𝑜𝑟 𝑡 > 0     and  

lim
𝑖→∞

 𝑖𝑛𝑓(𝑅𝑟(𝑙𝑤2𝑖+1, 𝐵𝑣, 𝑡)) 𝑓𝑜𝑟 𝑡 > 0.               56 

By using the value (48) and (56) in (53) with 𝑙𝑖𝑚𝑖𝑡 𝑖 ⟶ ∞, we obtain  

𝑀𝑟(ℓ𝑣, 𝐵𝑣, 𝑡) = 1 ⇒ 𝑢 = ℓ𝑣 = 𝐵𝑣 𝑓𝑜𝑟 𝑡 > 0.  
𝑀𝑟(ℓ𝑣, 𝐵𝑣, 𝑡) = 0 ⇒ 𝑢 = ℓ𝑣 = 𝐵𝑣 𝑓𝑜𝑟 𝑡 > 0  and 
𝑀𝑟(ℓ𝑣, 𝐵𝑣, 𝑡) = 0 ⇒ 𝑢 = ℓ𝑣 = 𝐵𝑣 𝑓𝑜𝑟 𝑡 > 0.  

Hence, we obtain that 𝑢is a common coincidence point of the mappings ℓ, 𝐴, and 𝐵 in 𝑊such that 𝑢 = ℓ𝑣 = 𝐴𝑣 =
𝐵𝑣. 
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